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PREFACE. 

The usual point of view in the study of mechanics is th 
where the attention is mainly directed to the changes whii 
take place in the course of time in a given system. The pri 
cipal problem is the determination of the condition of t 
system with respect to configuration and velocities at ai 
required time, when its condition in these respects has be< 
given for some one time, and the fundamental equations a 
those which express the changes continually taking place 
the system. Inquiries of this kind are often simplified 1 
taking into consideration conditions of the system other th 
those through which it actually passes or is supposed to pai 
but our attention is not usually carried beyond conditio 
differing infinitesimally from those which are regarded 
actual. 

For some purposes, however, it is desirable to take a broad 
view of the subject. We may imagine a great number 
systems of the same nature, but differing in the configui 
tions and velocities which they have at a given instant, ai 
differing not merely infinitesimally, but it may be so as 
embrace every conceivable combination of configuration ai 
velocities. And here we may set the problem, not to folk 
a particular system through its succession of configuratior 


Published in the United Kingdom by Con- 
stable and Company Limited, 10 Orange Street, 
London W C 2 

This new Dover edition, first published in 
1960, is an unabridged and unaltered republi- 
cation of the work first published by the Yale 
University Press in 1902 



PREFACE. 


The usual point of view in the study of mechanics 
where the attention is mainly directed to the changes 
take place in the course of time in a given S 3 rstem. T1 
cipal problem is the determination of the condition 
system with respect to configuration and velocities 
required time, when its condition in these respects hj 
given for some one time, and the fundamental equati( 
those which express the changes continually taking p 
the system. Inquiries of this kind are often simplil 
taking into consideration conditions of the system oth( 
those through which it actually passes or is supposed t 
but our attention is not usually carried beyond con 
differing infinitesimally from those which are regar 
actual. 

For some purposes, however, it is desirable to take a 1 
view of the subject. We may imagine a great nun 
systems of the same nature, but differing in the con 
tions and velocities which they have at a given instai 
differing not merely infinitesimally, but it may be S( 
embrace every conceivable combination of configurati 
velocities. And here we may set the problem, not to 
a particular system through its succession of configui 


Published in the United Kingdom by Con- 
stable and Company Limited, 10 Orange Street, 
London W C 2 

This new Dover edition, first published in 
I960, IS an unabridged 

cation of the work first published by the Yale 
University Press in 1902 


Manufactured in the United States of America 


Dover Publications, Inc 
180 Varick Street 
New York 14, NY, 



PREFACE. 


The usual point of view in the study of mechanics is that 
where the attention is mainly directed to the changes which 
take place in the course of time in a given system. The prin- 
cipal problem is the determination of the condition of the 
system with respect to configuration and velocities at any 
required time, when its condition in these respects has been 
given for some one time, and the fundamental equations are 
those which express the changes continually taking place in 
the system. Inquiries of this kind are often simplified by 
taking into consideration conditions of the system other than 
those through which it actually passes or is supposed to pass, 
but our attention is not usually carried beyond conditions 
differing infinitesimally from those which are regarded as 
actual. 

For some purposes, however, it is desirable to take a broader 
view of the subject. We may imagine a great number of 
systems of the same nature, but differing in the configura- 
tions and velocities which they have at a given instant, and 
differing not merely infinitesimally, but it may be so as to 
embrace every conceivable combination of configuration and 
velocities. And here we may set the problem, not to follow 
a particular system through its succession of configurations, 
but to determine how the whole number of systems will be 
distributed among the various conceivable configurations and 
velocities at any required time, when the distribution has 
been given for some one time. The fundamental equation 
for this inquiry is that which gives the rate of change of the 
number of systems which fall within any infinitesimal limits 
of configuration and velocity. 
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Such inquiries have been called by Maxwell statistical. 
They belong to a branch of mechanics which owes its origin to 
the desire to explain the laws of thermodynamics on mechan- 
ical principles, and of which Clausius, Maxwell, and Boltz- 
mann are to be regarded as the prmcipal founders The first 
inquiries in field were indeed somewhat narrower in their 
scope than that which has been mentioned, being applied to 
the particles of a system, rather than to independent systems 
Statistical mqumes were next directed to the phases (or con- 
ditions with respect to configuration and velocity) which 
succeed one another m a given system in the course of time 
The explicit consideration of a great number of systems and 
their distribution m phase, and of the permanence or alteration 
of this distribution in the course of time is perhaps first found 
in Boltzmann’s paper on the ‘‘ Zusammenhang zwischen den 
Satzen uber das Verhalten mehratomiger Gasmolekule mit 
Jacobi’s Prmcip des letzten Multiplicators (1871). 

But although, as a matter of history, statistical mechanics 
owes its origin to investigations in thermodynamics, it seems 
emmently worthy of an mdependent development, both on 
account of the elegance and simplicity of its principles, and 
because it yields new results and places old truths in a new 
hght m departments ([Uite outside of thermodynamics More- 
over, the separate study of this branch of mechanics seems to 
afford the best foundation for the study of rational thermody- 
namics and molecular mechamcs 

The laws of thermodynamics, as empirically determined, 
express the approximate and probable behavior of systems of 
a great number of particles, or, more precisely, they express 
the laws of mechanics for such systems as they appear to 
bemgs who have not the fineness of perception to enable 
them to appreciate quantities of the order of magnitude of 
those which relate to smgle particles, and who cannot repeat 
their experiments often enough to obtain any but the most 
probable results The laws of statistical mechamcs apply to 
conservative systems of any number of degrees of freedom. 
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and are exact. This does not make them more difficult to 
establish than the approximate laws for systems of a great 
many degrees of freedom, or for limited classes of such 
systems. The reverse is rather the case, for our attention, is 
not diverted from what is essential by the peculiarities of the 
system considered, and we are not obliged to satisfy ourselves 
that the effect of the quantities and circumstances neglected 
will be negligible in the result. The laws of thermodynamics 
may be easily obtained from the principles of statistical me- 
chanics, of which they are the incomplete expression, but 
they make a somewhat blind guide in our search for those 
laws. This is perhaps the principal cause of the slow progress 
of rational thermodynamics, as contrasted with the rapid de- 
duction of the consequences of its laws as empirically estab- 
lished. To this must be added that the rational foundation 
of thermodynamics lay in a branch of mechanics of which 
the fundamental notions and principles, and the characteristic 
operations, were alike unfamiliar to students of mechanics. 

We may therefore confidently believe that nothing will 
more conduce to the clear apprehension of the relation of 
thermodynamics to rational mechanics, and to the interpreta- 
tion of observed phenomena with reference to their evidence 
respecting the molecular constitution of bodies, than the 
study of the fundamental notions and principles of that de- 
partment of mechanics to which thermodynamics is especially 
related. 

Moreover, we avoid the gravest difficulties when, giving up 
the attempt to frame hypotheses concerning the constitution 
of material bodies, we pursue statistical inquiries as a branch 
of rational mechanics. In the present state of science, it 
seems hardly possible to frame a dynamic theory of molecular 
action which shall embrace the phenomena of thermody- 
namics, of radiation, and of the electrical manifestations 
which accompany the union of atoms. Yet any theory is 
obviously inadequate which does not take account of all 
these phenomena. Even if we confine our attention to the 
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phenomena distinctively thermodynamic, we do not escape 
difficulties in as simple a matter as the number of degrees 
of freedom of a diatomic gas It is well known that while 
theory would assign to the gas six degrees of freedom pei 
molecule, in our experiments on specific heat we cannot ac- 
count for more than five Certainly, one is building on an 
insecure foundation, who rests his work on hypotheses con- 
ceming the constitution of matter 

Difficulties of this kind have deterred the author from at- 
tempting to explain the mysteries of natuie, and have forced 
him to be contented with the moie modest aim of deducing 
some of the more obvious propositions relating to the statis- 
tical branch of mechanics Here, theie can be no mistake in 
regard to the agreement of the hypotheses with the facts of 
nature, for nothmg is assumed m that lespeet The only 
error into which one can fall, is the want of agieement be- 
tween the premises and the conclusions, and this, with care, 
one may hope, in the main, to avoid 

The matter of the present volume consists in large measure 
of results which have been obtained by the investigators 
mentioned above, although the point of view and the aiiange- 
ment may be different These results, given to the public 
one by one in the older of their discovery, have necessarily, 
m their original piesentation, not been arranged in the most 
logical manner 

In the first chapter we consider the general pioblem which 
has been mentioned, and find what may bo called the funda- 
mental equation of statistical mechanics. A paiticular case 
of this equation will give the condition of statistical equi- 
libiium, i e, the condition which the distribution of the 
systems in phase must satisfy in ordei that the distribution 
be permanent In the genoial case, the fundamental 
equation admits an integiation, which gives a principle winch 
may be variously expressed, according to the point of view 
from which it is regarded, as the conseivation of density-m- 
phase, or of extension-in-phase, oi of probability of phase. 
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In the second chapter, we apply this principle of conserva- 
tion of probability of phase to the theory of errors in the 
calculated phases of a system, when the determination of the 
arbitrary constants of the integral equations are subject to 
error. In this application, we do not go beyond the usual 
approximations. In other words, we combine the principle 
of conservation of probability of phase, which is exact, with 
those appi’oximate relations, which it is customary to assume 
in the “ theory of errors.” 

In the third chapter we apply the principle of conservation 
of extension-in-phase to the integration of the differential 
equations of motion. This gives Jacobi’s “last multiplier,” 
as has been shown by Boltzmann. 

In the fourth and following chapters we return to the con- 
sideration of statistical equilibrium, and confine our attention 
to conservative systems. We consider especially ensembles 
of systems in which the index (or logaritlim) of probability of 
phase is a linear function of the energy. This distribution, 
on account of its unique importance in the tlieory of statisti- 
cal equilibrium, I have ventured to call canonical., and the 
divisor of the energy, the modulus of distribution. The 
moduli of ensembles have properties analogous to temperature, 
in that equality of the moduli is a condition of equilibrium 
with respect to exchange of enex'gy, when such exchange is 
made possible. 

We find a differential equation relating to average values 
in the ensemble which is identical in form with the funda- 
mental differential equation of thermodynamics, the average 
index of probability of phase, with chaixge of sign, correspond- 
ing to entropy, and the modulus to temperature. 

B^or the average square of the anomalies of the energy, we 
find an expression which vanishes in comparison with the 
square of the average energy, when the number of dtignios 
of freedom is indefinitely increased. An ensemble of systems 
in which the number of degrees of freedom is of the sa,me 
order of magnitude as the number of molecules in the bodies 
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With which we experiment, if distiibuted canonically, would 
therefore appear to human observation as an ensemble ot 
systems in which all have the same energy. 

We meet with other quantities, in the development of the 
subject, which, when the number of degrees of freedom is 
verj'- great, coincide sensibly with the modulus, and with the 
average mdex of probability, taken negatively, in a canonical 
ensemble, and which, therefore, may also be regarded as cor- 
responding to temperature and entiopy. The correspondence 
IS however impeifect, when the number of degrees of freedom 
is not very great, and there is nothing to recommend these 
quantities except that in definition they may be regarded as 
more simple than those which have been mentioned. In 
Chapter XIV, this subject of thermodynamic analogies is 
discussed somewhat at length 

Fmally, in Chapter XY, we consider the modification of 
the preceding results which is necessary when we consider 
systems composed of a number of entirely similar pai tides, 
or, it may be, of a number of particles of several kinds, all of 
each kmd being entirely similar to each other, and when one 
of the variations to be considered is that of the numbers of 
the particles of the various kmds which are contained m a 
system This supposition would naturally have been intro- 
duced earlier, if our object had been simply the expression of 
the laws of nature. It seemed desirable, however, to separate 
sharply the purely thermodynamic laws from those special 
modifications which belong rather to the theory of the prop- 
el ties of matter 


New Havln, December, 1901 


J W G. 
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CHAPTER I. 

GENERAL NOTIONS THE PRINCIPLE OF CONSERVATION 
OP EXTENSION-m-PHASE 

We aliall use Hanulton’s form of the equations of motion for 
a system of « degrees of freedom, wntmg jj, . for the 
(generalized) coordinates, qi, . . . 2„ for the (generalized) ve- 
locities, and 

Fi dqi + Fidqi. . - 1 - F^ dq^ ( 1 ) 

for the moment of the forces. We shall call the quantities 
J’j , . . . the (generalized) forces, and the quantities 
defined by the equations 

= = etc., (2) 

where denotes the kinetic energy of the system, the (gen- 
erahzed) momenta. The kinetic energy is here regarded as 
a function of the velocities and coordinates We shall usually 
regard it as a function of the momenta and coordinates,* 
and on this account we denote it by This will not pre- 
vent us from occasionally using formulae hke (2), where it is 
sufficiently evident the kmetic energy is regarded as function 
of the j’s and But m expressions like where the 

denominator does not determine the question, the kmetic 

* The use of the momenta instead of the velocities as mdependent variables 
IS the characteristic of Btednilton^s method which gives his eciuations of motion 
their remarkable degree of simplicity We shall find that the fundamental 
notions of statistical mechamcs are most easily defined, and are expressed m 
the most simple form, when the momenta with the coordinates are used to 
describe the state of a system 
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HAMILTON’S EQUATIONS 


energy IS always to be treated m the differentiation as fnnotiion 
of the p's and j’s. 

We have then 


• de. • de. _ 


etc. 


( 8 ) 


These equations -will hold for any forces whatever. If the 
forces are conservative, in other words, if the expression (1) 
IS an exact differential, we may set 


where is a function of the cobidinates which we shall call 
the potential enei^ of the system, If we write « for the 
total energy, we shall have 


€ = 6p + €„ (6) 

and equations (3) may be written 

• de • de , 

?‘ = S’ ^ = 

The potential energy (e^) may depend on other vanable* 
beside the coSrdinates We shall often suppose it to 

depend m part on coOxinates of external bodies, which we 
shall denote by «!, Oj, etc. We shall then have for the com- 
plete value of the differential of the potential energy • 

de, = — F^^dqi . — — .4j do, — da» — etc., (7) 

where A-^, etc., represent forces (in the generalized sense) 
exerted by the system on external bodies. For the total energy 
(e) we shall have 


de= ji dpi . . . + ~Px dqi. 

— Pn dy. “ Ax dux — Af, dOf ~ etc. (8) 

It wiU be observed that the kinetic energy (e„) in the 

most general case is a quadratic function of tlie jo’s (or 

* It will be observed, that although we call « the potential energy of tiie 
eystein which we are considering, it is really so defined as to inslude that 
energy which might he described as mutual to that system and external 
bodies 
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involving also the y’s but not the a *^ ; that the potential energy, 
when it exists, is function of the j’s and a’s , and that the 
total energy, when it exists, is function of the jp’s (or y’s), the 
j’s, and the a’s. In expressions like defdq-^^ the jp’s, and not 
the y’s, are to be taken as independent variables, as has already 
been stated with respect to the kmetic energy. 

Let us imagine a great number of independent systems, 
identical m nature, but differing m phase, that is, m their 
condition with respect to configuration and velocity. The 
forces are supposed to be determined for every system by the 
same law, being functions of the coordinates of the system 
•••?!» 5 either alone or with the coordinates ^ 2 , etc. of 
certain external bodies. It is not necessary that they should 
be derivable from a force-function. The external cobrdmates 
etc. may vary with the tune, but at any given tune 
have fixed values. In this they differ from the mtemal 
cobrdmates Ji, - . . which at the same time have different 
values m the different systems considered. 

Let us especially consider the number of systems which at a 
given instant fall withm specified limits of phase, viz., those 
for which 

Fi < Pi < Pi \ 

pi <P2< pi', qi <q2< qi', I 

pi <Pn< pi', qi <qn< qi', 3 

the accented letters denotmg constants. W^e shall suppose 
the differences pi' ^ pi, qi' — qi, etc to be infimtesimal, and 
that the systems are distributed m phase m some contmuous 
manner,* so that the number havmg phases withm the limits 
specified may be represented by 

-D (Pl" - i>lO • • (j>n" - Pn') (?l" - S-xO (?„" - qn'), (10) 

* In strictness, a finite number of systems cannot be distributed contin- 
uously m phase But by mcreasmg indefimtely the number of systems, we 
may approximate to a contmuous law of distribution, such as is here 
described To avoid tedious circumlocution, language like the above may 
be allowed, although wantmg m precision of expression, when the sense in 
which it IS to be taken appears sufiScientlv clear 
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or more bnefly by 

Ddp-^.. dp^dq-L dq„, (11) 

where i) is a functaon of the p’s and j’s and m general of t also, 
for as tune goes on, and the mdividiial systems change their 
phases, the distribution of the ensemble in phase will in gen- 
eral vary In special cases, the distribution in phase wiU. 
lemain unchanged These are cases of statistical equilibrium 
If we regard all possible phases as formuig a soit of exten- 
sion of 2 « dimensions, we may regaid the product of differ- 
entaJs in (11) as expressing an element of this extension, and 
2> as expressing the density of the systems in that element. 
We sball call the product 

dpi dp^dqi . dq^ ( 12 ) 

an element of extensionnurphaae, and JD the densitp-in-phase 
of the systems 

It IS evident that the changes which take place in the den- 
sity of the systems in any given element of extension-in- 
phase will depend on the dynamical nature of the systems 
and their distribution in pliase at the time considered 
In the case of conservative systems, witlr which we shall be 
principally concerned, thoir dynamical nature is completely 
determined by the function which expresses the energy (e) m 
terms of the p’s, q% and a’s (a function supposed identical 
for all the systems) , in the more general case which wo are 
considenng, the dynamical nature of the systems is deter- 
mined by the functions which express the kinetic energy («,) 
in terms of the p’s and j’s, and the forces m terms of the 
and a’s The distribution in phase is expi eased for tlio 
time considered by D as function of the p’s and q'a To find 
the value of dD/dt for the specified element of extcnsion-m- 
phase, we observe that the number of systems within the 
limits can only be vaned by systems passing the limits, which 
may take place in 4 w different ways, viz , by the p, of a sys- 
tem passing the limit p/, or the himt pj", or by the q^ of a 
system passmg the hmit q{, or the hmit q{', etc. Let us 
consider these cases separately 


DENSITY-IN--PHASE. 


7 


In the first place, let us consider the number of systems 
which m the time dt pass mto or out of the specified element 
by jPi passmg the bmit It will be conyement, and it is 
evidently allowable, to suppose dt so small that the quantities 
dt^ dt, etc , which represent the mcrements of Pi, Jij etc., 
m the tune dt shall be mfimtely small m comparison wath 
the mfimtesimal differences p^' — p/, q^" — q^^, etc., which de- 
termine the magmtude of the element of extension-in-phase. 
The systems for which p^ passes the limit p^ m the mterval 
dt are those for which at the commencement of this mterval 
the value of p-^ hes between p^' and p-^' — p^ dt, as is evident 
if we consider separately the cases m which p^ is positive and 
negative Those systems for which p-^ lies between these 
limits, and the other p^s and j’s between the limits specified m 

(9) , will therefore pass into or out of the element considered 
according as p is positive or negative, unless mdeed they also 
pass some other huut specified m (9) during the same mter- 
val of tune. But the number which pass any two of these 
hunts will be represented by an expression containmg the 
square of as a factor, and is evidently neghgible, when dt 
IS sufficiently small, compared with the number which we are 
seekmg to evaluate, and which (with neglect of terms contam- 
ing dt^) may be foimd by substitutmg p-^ dt for p^' — p^ in 

(10) or for dpi in (11). 

The expression 

dt dp2 dp^ dqi dq^ (13) 

wiU therefore represent, accordmg as it is positive or negative, 
the increase or decrease of the number of systems withm the 
given hmits which is due to systems passmg the hmit p-^' A 
similar expression, m which however D and p will have 
shghtly different values (bemg detenmned for p^" mstead of 
p^'), will represent the decrease or mcrease of tiie number of 
systems due to the passmg of the limit p-^'\ The difference 
of the two expressions, or 

• ^Pndqi dg^dt (14) 
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Will represent algebraically the decrease of the number of 
systems withm the hmits due to systems passing the hunts 
and p". 

The decrease in the number of systems within the hmits 
due to systems passmg the hmits and may be found m 
Ihe same way This will give 


+ .dp^dq^ ..dq^dt (16) 

for the decrease due to passmg the four hmits p^', p{', Ji', q{'. 
But since the equations of motion (3) give 


dpi , 

dpi dq^ ’ 


the expression reduces to 
/dD • , dD 




dt 


(16) 

(17) 


If we prefix 2 to denote summation relative to the suffixes 
1 . ti, we get the total decrease m the number of systems 

withm the limits m the tune dt That is, 

^ Wi ^0 ~ 

— dD dpx dp^ dqi... dq,, (18) 



where the suffix apphed to the differential coefficient indicates 
that the jp’s and j’s are to be regarded as constant in the differ- 
entiation. The condition of statistical equilibrium is therefore 

^ fdD - dD .\ ^ 

If at any mstant this condition is f ulfill ed for aH values of the 
p’s and 5 f’s, {dDldt)p^q vanishes, and therefore the condition 
wiU contmue to hold, and the distribution in phase will be 
permanent, so long as the external cotrdmates remain constant. 
But the statistical equilibrium would m general be disturbed 
by a change m the values of the external coordinates, which 
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would alter the values of the p’s as determined by equations 
(3), and thus disturb the relation expressed m the last equation. 
If we write equation (19) in the fonn 

it wiU be seen to express a theorem of remarkable snnpLciiy 
Smce i> IS a function of t, . . . p„, complete 

differential wiH consist of parts due to the variations of all 
these quantities. Now the first term of the equation repre- 
sents the mcrement of D due to an increment of t (with con- 
stant values of the p’s and j’s), and the rest of the first member 
represents the mcrements of D due to mcrements of the p’s 
and j’s, expressed by p^ dt^ dt^ etc. But these are precisely 
the mcrements which the p’s and j’s receive m the movement 
of a system m the tune dt The whole expression represents 
the total mcrement of D for the varying phase of a moving 
system. We have therefore the theorem: — 

In an euBemhle of mechamcal systemB identical in nature and 
subject to forces determined by identical laws^ hut distributed 
in phase in any continuous manner^ the density^n-phase is 
Constantin time for the varying phases of a moving system^ 
provided^ that the forces of a system are functions of its co~ 
ordinates^ either alone or with the time* 

This may be called the prmciple of conservation of dermty^ 
in-phase. It may also be written 



where a, . .h represent the arbitrary constants of the mtegxal 
equations of motion, and are suffixed to the differential co- 

* The condition that the forces Fi, Fn are functions of qn and 

, Os , etc , which last are functions of the tune, is analytically eiiuiyalent 
to the condition that F^, Fn are functions of qi, qn and the time 
Exphcit mention of the external coordinates, , a2 > etc > lias been made m 
the preceding pages, because our purpose will require us hereafter to con- 
sider these coordinates and the connected forces, A2, etc , which repre- 
sent the action of the systems on external bodies 
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efficient to indicate that they are to be regarded as constant 
in the differentiation. 

We may give to this principle a shghtly different expres- 
sion Let us call the value of the integral 

/ /‘^ dpn dqx dq^ ( 23 ) 

taksn "withiii any limits ths exteuBi07i~Wrp1i(iBB within those 
limits 

When the phases hounding an extenBioU’-in-phaBe vary in 
the couTBe of time according to the dynamical laws of a system 
subject to forces which are functions of the coordinates either 
alone or with the time^ the value of the extension^in-phase thus 
bounded remains constant In this form the principle may be 
called the prmciple of conservation of extensionrinrphase In 
some respects this may be regarded as the most simple state- 
ment of the prmciple, smee it contams no exphcit reference 
to an ensemble of systems 

Smee any extension-m-phase may be divided into infimtesi- 
mal portions, it is only necessary to prove the prmciple for 
an miBmtely small extension. The number of systems of an 
ensemble which fall withm the extension will be represented 
by the mtegral 

/ dpn dqi dq^ 


If the extension is mfinitely small, we may regard D as con- 
stant m the extension and write 




dpn dqi 


dqn 


for the number of systems The value of this expression must 
be constant in tune, smee no systems are supposed to be 
created or destroyed, and none can pass the limits, because 
the motion of the limits is identical with that of the systems. 
But we have seen that D is constant m time, and therefore 
the mtegral 


Jdpi dp„dqi dq^, 
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which we have called the extension-in-phase, is also constant 
in time.* 

Since the system of coordinates employed in the foregoing 
discnssion is entirely arbitrary, the values of the coordinates 
relating to any configuration and its immediate vicinity do 
not impose any restriction upon the values relating to other 
configurations. The fact that the quantity which we have 
called density-in-phase is constant in time for any given sys- 
tem, implies therefore that its value is independent of the 
coordinates which are used in its evaluation. For let the 
density-in-phase as evaluated for the same time and phase by 
one system of coordinates be D/, and by another system 
A system which at that time has that phase will at another 
time have another phase. Let the density as calculated for 
this second time and phase by a third system of coordinates 
be Dq". Now we may imagine a system of coordinates which 
at and near the first configuration will coincide with the first 
system of coordinates, and at and near the second configumtion 
will coincide with the third system of coordinates. This will 
D/ = Dg". Again we may imagine a system of coordi- 
nates which at and near the first configuration wiU coincide 
with the second system of coordinates, and at and near the 


* If we regard a phase as represented by a point in space of 2n dimen- 
sions, the changes which take place in the course of time in onr ensemble of 
systems will he represented by a cnrrent in such space. This current will 
be steady so long as the external coordinates are not varied. In any case 
the current will satisfy a law which in its various expressions is analogous 
to the hydrodynamic law which may be expressed by the phrases conserva- 
tion of volumes or conservation of density about a moving point, or by the eq^uation 

a- ^ 4 - — — 0 
dx ^ dy dz 


The analogue in statistical mechanics of this equation, viz., 

^ + 4i + ^ + ^ + etc. = 0, 
dp\ dp2 dg^ 

may be derived directly from equations (3) or (6), and may suggest such 
theorems as have been enunciated, if indeed it is not regarded as making 
them intuitively evident. The somewhat lengthy demonstrations given 
above will at least serve to give precision to the notions involved, and 
familiarity with their use. 
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second configuration wdl coincide with, the third system of 
coordinates. ThiswJl giTe = We have therefore 

j)r — j) I ^ 

It follo^, or it may be proved m the same way, that the 
value of an extension-m-phase is mdependent of the system 
of coordinates which is used in its evaluation. This may 
easily be verified directly If ?!> • ?»» Qv • • Q» 

systems of coordinates, and Pi, . Pot • • -P* 
responding momenta, we have to prove that 


dPndq, dq.=f fdP. dPM dQ.,(2i) 

when the multiple mtegrals are taken within limits consistmg 
of the same phases And this will be evident from the prin- 
ciple on which we change the variables m a multiple mtegral, 
if we prove that 

d(^Pi, . Pnf Qu ^») _ (25) 

d(pi, Pn)Si> 2*) ’ 

where the first member of the equation represents a Jacobian 
or functional determinant Smce all its elements of the form 
dQ/dp are equal to zero, the determinant reduces to a product 
of two, and we have to prove that 


d(Pu P^ d{Qu Qn) _ j ( 26 ) 

diPi, />») d{qi, ?,) 

We may transform any element of the first of these deter- 
minants as follows By equations (2) and (8), and m 
view of the fact that the ^’s are hnear functions of the ^’s 
and therefore of the p% with coeflGlcients mvolvmg the j’s, 
so that a differential coefficient of the form dQ^Jdpy is function 
of the j’s alone, we get* 


* The form of the equation 

d dep _ d dtp 
dpy d^x dpy 

In (27) reminds us of the fundamental identity m the differential calculus 
relatmg to the order of differentiation with respect to independent vanahles 
But it will be observed that here the vanahles Qx and are not independent 
and that the proof depends on the linear relation between the Q's and the p's 
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dP,_d de, 


djpy dpy dQ^ r=ii\dQf, dQ^ dp^ 




d £^\ (27) 

dQ^ r^\d(^r dpj dQ,dp^ ^ 


£ut smce 




Therefore, 

II 


(28) 


_ d(qi, . . _ d(qi, . . 

S») 

(29) 

d(.Pl, Pn) 

^{Qli ^n) 

.QnY 

The equation to be proved is thus reduced to 



d(qi, 

• • Qid "I 


(30) 

d(Qi, 

. Qn) d(q^, . q,) 



■which IS easily proved by the ordinaiy rule for the multiplica- 
tLon of determinants. 

The numerical value of an extension-in-phase will however 
depend on the units m which we measure energy and time. 
For a product of the form dp dq has the dimensions of energy 
multiphed by time, as appears from equation (2), by which 
the momenta are defined Hence an extension-in-phase has 
the dimensions of the nth power of the product of energy 
and time In other words, it has the dimensions of the nth 
power of action^ as the term is used in the ‘ principle of Least 
Action.^ 

If we distmguish by accents the values of the momenta 
and coordinates which belong to a time f , the unaccented 
letters relating to the time the principle of the conserva- 
tion of extension-in-phase may be written 


J -j’dpi dp^dqi.. dq„= j' .J' dp-^ 

or more bnefly 


.dpjdq^ .dqj, (31) 
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the hmiting phases being those which belong to the same 
systems at the times t and i! respectively. But we have 
identically 


f...f^...d3.=f ..f. 


<^(Pl g») 


dpi 


dgn' 


for sucli binits The ptmeiple of conservation of extension-m- 
phase may therefore be expressed in the form 


^Pu • g») - 1 

d(pi £.0 


(33) 


This equation is easily proved directly For we have 
identically 

d(Pi, • ?«)_ d(pi, . 2 „) d(pi", qn") 

?») d(pA dip,', qj) ’ 

where the double accents distinguish the values of the momenta 
and coordinates for a time if'. If we vary t, while tf and If' 
remain constant, we have 


d d(pi, _ dip,", . qj!) d dip,, q„) 

dtdip,',. qj)- diiH', qj) dtdip,", qj') 

Now smce the time if' is entirely arbitrary, nothmg prevents 
us from matmg If' identical with t at the moment considered 
Then the detemunant 

djpi , . g„) 

dip,", ?.'0 

wiU have umty for each of the elements on the principal 
diagonal, and zero for all the other elements Since every 
term of the determinant except the product of the elements 
on the principal diagonal will have two zero factors, the differen- 
tial of the determinant will reduce to that of the product of 
these elements, t e, to the sum of the differentials of these 
elements This gives the equation 

j. djp,, gr„) ^ dp, dp„ dq, , dq„ 

dtd(p,",. q^ir) dp," dpji'^dq," ' dqj' 

Now smce t — if', the double accents m the second member 
of this equation may evidently be neglected This will give, 
in vurtue of such relations as (16), 
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dt ’ 

which substituted in (34) will give 

d djpT^, 
dtd{pi', .--qj) 

The determinant in this equation is therefore a constant, the 
value of which may be determined at the instant when t = t\ 
when it is evidently unity. Equation (33) is therefore 
demonstrated. 

Again, if we write . .Ji for a system of 2 arbitrary con- 
stants of the integral equations of motion, etc. will be 

functions of a, ... A, and t, and we may express an extension- 
in-phase in the form 



If we suppose the limits specified by values of a, ... A, a 
system initially at the limits will remain at the limits. 
The principle of conservation of extension-in-phase requires 
that an extension thus bounded shall have a constant value. 
This requires that the determinant under the integral sign 
shall be constant, which may be written 


d d(pi, « - gn) ^ Q 

dt d(a, ... A) 


(36) 


This equation, which may be regarded as expressing the prin- 
ciple of conservation of extension-in-phase, may be derived 
directly from the identity 


> g«) _ d(pi, djp^f, . . . qj) 

d{a, ... A) c?(j?i', . . . qj) ... A) 


in connection with equation (33). 

Since the coordinates and momenta are functions of a, ... A, 
and t, the determinant in (36) must be a function of the same 
variables, and since it does not vary with the time, it must 
be a function of a, ... A alone. We have therefore 


^(Pu •••gn) 
d(a, ... A) 


= func. (a, ... A). 


(37) 
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It IS the relative numbers of systems which fa 1 within dif- 
ferent limits, rather than the absolute numbers, with which we 
are most concerned. It is mdeed only with regard to relative 
numbers that such discussions as the precedmg will apply 
with hteral precision, smce the nature of our reasoning unphes 
that the number of systems m the smallest element of space 
which we consider is very great This is evidently mconsist- 
ent with a fimte value of the total number of systems, or of 
the density-m-phase. Now if the value of JD is mfimte, we 
cannot speak of any defimte number of systems withm any 
fimte limits, smce all such numbers are infinite But the 
ratios of these mfimte numbers may be perfectly defimte. If 
we wnte N for the total number of systems, and set 

P = ( 38 ) 

P may remam finite, when HT and D become infinite The 
mtegral 

/ /- dpi dq^ (39) 

taken withm any given limits, will evidently express the ratio 
of the number of systems falhng withm those limits to the 
whole number of systems This is the same thmg as the 
'prolability that an unspecified system of the ensemble (i- e. 
one of which we only know that it belongs to the ensemble) 
will he withm the given hunts The product 

P dp^ . dq^ (40) 

expresses the probabihty that an unspecified system of the 
ensemble will be found m the element of extension-in-phase 
dpi . dq^ W e shall call P the coefficient of probability of the 
phase considered Its natural logarithm we shall call the 
index of probability of the phase, and denote it by the letter tj. 

If we substitute N P and N^ for JO m e(3[uation (19), we get 
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The condition of statistieal equihbnum may be expressed 

by equating to zero the second member of either of these 
equations 

The same substitutions m (22) give 



(43) 


and 



(44) 


That IS, the values of JP and r,, hke those of D, are constant 
in time for moving systems of the ensemble. From this pomt 
of view, the principle which otherwise regarded has been 
called the prmciple of conservation of density-m-phase or 
conservation of extension-m-phase, may be called the prm- 
ciple of conservation of the coefficient (or mdex) of proba- 
bihiy of a phase varymg accordmg to dynamical laws, or 
more bnefly, the prmciple of conservation of prohahiltty of 
phase. It is subject to the limitation that the forces must be 
factions of the coordinates of the system either alone or with 


The application of this prmciple is not limited to cases m 
which there IS a formal and exphcit reference to an ensemble of 
systems. Yet the conception of such an ensemble may serve 
to give precision to notions of probabihty. It is m fact cu^ 
to^y m the discussion of probabihties to describe anythmg- 
which IS imperfectly known as somethmg taken at random 
from a great number of thmgs which are completely descnbed. 

ut if we prefer to avoid any reference to an ensemble 
of systems, we may observe that the probabihty that the 
phase of a system falls within certam limits at a certain time, 
IS equd to the probabihty that at some other time the phase 
wiU fall wi^n the limits formed by phases corxespondmg to 
the ffist For either occurrence necessitates the other. That 
IS, if we write JP' for the coefficient of probabihty of the 

pl^ p, , . . y/ at the tune if, and P" for that of the phase 
Pi ', . . at the time if', ^ 
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/■• 

where the limits m the two cases are formed by corresponding 
phases When the mtegrations cover infimtely small vari- 
ations of the momenta and coordinates, we may regaid P' and 
as constant m the integrations and write 








Now the prmciple of the conservation of extension-in-phase, 
which has been proved (viz , m the second demonstration given 
above) mdependently of any reference to an ensemble of 
systems, req^mres that the values of the multiple integrals in 
this equation shall be equal This gives 


P" = PK 


With reference to an important class of cases this prmciple 
may be enunciated as follows 

When the differential eqaatione of motion are exactly known^ 
hut the constants of the integral equations imperfectly deter-* 
mined^ the coefficient of probability of any phase at any time is 
equal to the coefficient of probability of the corresponding phase 
at any other time By correspondmg phases are meant those 
which are calculated for different times from the same values 
of the arbitrary constants of the mtegral equations 
Smce the sum of the probabihties of all possible cases is 
necessarily umty, it is evident that we must have 

all 

J ' ~ 

phases 

where the mtegration extends over aU phases. This is mdeed 
only a different form of the equation 

all 

Jr=j* . f Ddpi . 

phases 

which we may regard as definmg iVI 
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The values of the coefficient and index of probability of 
phase, like that of the density-in-phase, are independent of the 
system of coordinates which is employed to express the distri- 
bution in phase of a given ensemble. 

In dimensions, the coefficient of probability is the reciprocal 
of an extension-in-phase, that is, the reciprocal of the wth 
power of the product of time and energy. The index of prob- 
ability is therefore affected by an additive constant when we 
change our units of time and energy. If the unit of time is 
multiplied by and the unit of energy is multiplied by c, , aU 
indices of probability relating to systems of n degrees of 
freedom will be increased by the addition of 

n log CtA- n log c*. 


( 47 ) 


CHAPTEE II. 


APPLICATION OF THE PRINCIPLE OF CONSERVATION 
OF EXTENSION-IN-PHASE TO THE THEORY 
OF ERRORS 

Libt us how proceed, to combine tbe principle which has been 
demonstrated in the preceding chapter and which in its differ- 
ent applications and regarded from different points of view 
has been variously designated as the conservation of density- 
in-phase, or of extension-m-phase, or of probability of phase, 
with those approximate relations which arc generally used in 
the ‘theory of errors.’ 

We suppose that the differential equations of the motion of 
a system are exactly known, but that the consiants of the 
integral equations are only approximately determined. It is 
evident that the probabihty that the momenta and coordinates 
at the tame t' fall between the limits p/ and p/ + djpj', and 
^ expressed by the formula 

dj>x' • <knt 

where r)' (the mdex of probability for the pliase in question) is 
a function of the coordinates and momenta and of the tame. 

Let Cl', -Pi', etc- ^ values of the cobrdinates and momenta 
which give the maximum value to rj', and let the general 
value of 1)' developed by Taylor’s theorem accordmg to 
ascending powers and products of the differences fi' — P/, 
q^> — etc , and let us suppose that we have a sufficient 
approximation without gomg beyond terms of the second 
degree m these differences W e may therefore set 

v’z=o-F’, (49) 

where c is independent of the differences — P i', — C/, 
etc., and P' IS a homogeneous quadratic function of these 
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differences. The terms of the first degree vanish in virtue 
of the maximum condition, which also requires that P' must 
have a positive value except when aU. the differences men- 
tioned vanish. If we set 

C=e% ( 50 ) 

we may write for the probability that the phase lies within 
the limits considered 

Cer-^ dpj . . . dqj. ( 51 ) 

C is evidently the maximum value of the coefficient of proba- 
bility at the time considered. 

In regard to the degree of approximation represented by 
these formulae, it is to be observed that we suppose, as is 
usu^ in the ‘theory of errors,’ that the determination (ex- 
phcit or implicit) of the constants of motion is of such 
precision that the coefficient of probability «’>' or Ce~^' is 
practically zero except for very small values of the differences 
Pi ~ ^1' ii ~ Qi> For very small values of these 

differences the approximation is evidently in general sufficient, 
for larger values of these differences the value of Oe-^' will 
be sensibly zero, as it should be, and in this sense the formula 
will represent the facts. 

We shall suppose that the forces to which the system is 
subject are functions of the cobrdinates either alone or with 
the time. The principle of conservation of probabiUty of 
phase will therefore apply, which requires that at any other 
time (if") the maximum value of the coefficient of probability 
shaU be the same as at the time t', and that the phase 
(Fj", Qi”, etc.) which has this greatest probability-coefficient, 
shall be that which corresponds to the phase (P/, etc.), 
*. e., which is calculated from the same values of the constants 
of the integral equations of motion. 

We may therefore write for the probability that the phase 
at the time t" falls within the limits and -f- dvP a” 
and q/ + dq^«, etc., 

Oe-^"dpii> . ■ ■ dq^', 


( 62 ) 



CHAPTER n. 


APPLICATION OF THE PIONCIPLE OF CONSERVATION 
OF EXTENSION-IN-PHASE TO THE THEORY 
OF ERRORS 

Let us now proceed to combine the principle which has been 
demonstrated m the preceding chapter and which in its differ- 
ent apphcations and regarded from different points of ■view 
has been variously designated as the conservation of density- 
in-phase, or of extension-in-phase, or of probability of phase, 
■with those approximate relations which are generally used in 
the ‘theory of errors’ 

We suppose that the differential equations of the motion of 
a sys'bem are exactly tnown, but that 'the constan'ts of the 
mtegral equations are only approximately determmed. It is 
e^vident that the probabihty that the momenta and coordinates 
at the time t' Ml between the hmits pj' and + dpj', q-^ and 
2/ + ■> ^ expressed by the formula 

^ dpi' dqj, (48) 

where 17' (the mdex of probabihty for the phase m question) is 
a function of the coordinates and momenta and of the time 
Let ^1', Pi', etc. be the values of the coordinates and momenta 
which give 'the maximum value to jj', and let 'the general 
value of t)’ be developed by Taylor’s theorem accordmg to 
ascendmg powers and products of ■the differences p-l — Pi'» 
etc , and let us suppose that we have a sufficient 
approximation ■without going beyond 'terms of ■the second 
degree m 'these differences W e may 'therefore set 

n' = 0 - P', (49) 

where e is mdependent of the differences jpj' — Pi', q/ — Qit 
etc., and P' is a homogeneous quadratic function of these 
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djjfferences. The terms of the first degree vanish in virtue 
of the maximum condition, which also requires that must 
have a positive value except when all the differences men- 
tioned vanish. If we set 


0=:e% ( 50 ) 

we may write for the probability that the phase lies within 
the limits considered 

dpx^ . . . dqj^ ( 51 ) 

G is evidently the maximum value of the coefficient of proba- 
bility at the time considered. 

In regard to the degree of approximation represented by 
these formulae, it is to be observed that we suppose, as is 
usual in the ‘theory of errors,’ that the determination (ex- 
plicit or implicit) of the constants of motion is of such 
precision that the coefficient of probability or is 

practically zero except for very small values of the differences 
Pi — P/, etc. For very small values of these 

differences the approximation is evidently in general sufficient, 
for larger values of these differences the value of will 

be sensibly zero, as it should be, and in this sense the formula 
will represent the facts. 

We shall suppose that the forces to which the system is 
subject are functions of the coordinates either alone or with 
the time. The principle of conservation of probability of 
phase will therefore apply, which requires that at any other 
time the maximum value of the coefficient of probability 
shall be the same as at the time and that the phase 
\ Qi \ etc.) which has this greatest probability-coefficient, 
shall be that which corresponds to the phase (P^', Q/, etc.), 
L e., which is calculated from the same values of the constants 
of the integral equations of motion. 

We may therefore write for the probability that the phase 
at the time f falls within the limits and qi 

and 2/' -f- etc., 

dp . . . dqP, 


( 52 ) 
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where G represents the same value as m the preceding 
formula, viz , the constant value of the maximum coef&cient 
of probabihty, and F" is a quadratic function of the differences 
P" - -Pi"’ 2i" - 6i"’ W'> <2i" etc ) bemg that 

which at the time corresponds to the phase (P\i Q\-> etc ) 
at the tune t' 

Now we have necessarily 



Ce-^dpi’ 


dq,'=J J Qe-^"df^< 


= ( 63 ) 


when the integration is extended oyer all possible phases 
It will be allowable to set ± oo for the limits of all the coor- 
dinates and momenta, not because these yalnes represent the 
actual limits of possible phases, but because the portions of 
the integrals lying outside of the limits of all possible phases 
will have sensibly the value zero With ± oo for hunts, the 
equation gives 




( 54 ) 


where f is the discnmmant * of and that of This 
discriminant is therefore constant m time, and like C an abso- 
lute invariant m respect to the system of coordinates which 
may be employed In dimensions, like (7®, it is the reciprocal 
of the 2nth power of the product of energy and time 

Let us see precisely how the functions F^ and F^^ are related* 
The principle of the conservation of the piobabihty-coefficient 
reqmres that any values of the coordinates and momenta at the 
tune shall give the function F^ the same value as the corre- 
sponding coordinates and momenta at the time gi'V’O to i 
Therefore may be derived from F^ by substitutmg for 
their values in terms of . ix- Now we 
have approximately 


♦ This term is used to denote the determinant having for elements on the 
prmcipal diagonal the coefficients of the squares in the quadratic function 
F% and for its other elements the halves of the coefficients of the products 
ini’^ 
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5.' - = Ig; fe" - m + to." - QJ% 


and as in F" terms of higher degree than the second are to be 
neglected, these equations may be considered accurate for the 
purpose of the transformation required. Since by equation 
(33) the eliminant of these equations has the value unity, 
the discriminant of F" wiU be equal to that of F\ as has 
already appeared from the consideration of the principle of 
conservation of probability of phase, which is, in fact, essen- 
tially the same as that expressed by equation (33). 

At the time t', the phases satisfying the equation 


F' -- 7c, (56) 

where 7; is any positive constant, have the probability-coeffi- 
cient 0 e~*. At the time i", the corresponding phases satisfy 
the equation 

F'r = k, (67) 

and have the same probability-coefficient. So also the phases 
within the Hmits given by one or the other of these equations 
are corresponding phases, and have probability-coefficients 
greater than (7e *, while phases without these limits have less 
probability-coefficients. The probability that the phase at 
the time f falls within the limits if” = A is the same as the 
probabmty that it falls within the limits F'' = A at the time t", 
since either event necessitates the other. This probability 
may be evaluated as follows. We may omit the accents, as 
we need only consider a single time. Let us denote the ex- 
tension-in-phase within the limits F=7chj TJ, and the prob- 
ability that the phase falls within these limits by J2, also the 
extension-in-phase within the limits if = 1 by We have 
then by defiffition 


F=k 



( 58 ) 
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F=zk 

B = J*. , J Ce-^ dpx . dq^f 

(69) 


F=il 

• J(^Pl dqn 

(60) 

But since -F is a homogeneous quadratic function 

1 

O 

differences 

Pi — Pa — -Pa, • qn — 

we have identically 


j 

F=h 

r fd(p^-P,) diq,-Q„) 


=j 

hFz:zk 

f Jk^d(pi-Pi) . d(2^-Qn) 




That IS 

ir=k*Ui, 

(61) 

whence 

dU = ?7i re dk 

(62) 

But if k vanes, equations (58) and (59) give 



dH-j 1 dpi . dq„ 

(63) 


F=ik 

F=^-dk 

dR—J J' Qe-^dp^ 

(64) 


F=h 

Since the factor Ctr^ has the constant value m the 
last multiple mtegral, we have 

dR=Ce-*dU=CUine-*^^dk, ( 66 ) 

l + h + j+ . + ) + const. (66) 

We may detenmne the constant of integration by the condition 
that B yanishes with k This gives 
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£ = CW,ln-Clr^lr,e-^(l + k + ?|+... + ^y ( 67 ) 

We may determine the value of the constant by the con- 
dition that ^ = 1 for A = oo. This gives (7 w = 1, and 





( 68 ) 

(69) 


It is worthy of notice that the form of these equations de- 
pends only on the number of degrees of freedom of the system, 
being in other respects independent of its dynamical nature, 
except that the forces must be functions of the coordinates 
either alone or with the time. 

If we write 

for the value of k which substituted iu equation (68) will give 
the phases determined by the equation 


^ (70) 

will have the following properties. 

The probability that the phase falls within the limits formed 
by these phases is greater than the probability that it foUg 
within any other hmits enclosing an equal extension-in-phase. 
It is equal to the probability that the phase falls without the 
same limits. 


These properties are analogous to those which in the theory 
of errors in the determination of a single quantity belong to 
values expressed hj A ± a, when A is the most probable 
value and a the ‘probable error.’ 



CHAPTER in. 


JlPPLICATIOX of the principle of conseryation of 

EXUN'^ION-IN-PHVSE TO THE INTEGRATION OF THE 
DIFIEllENriAL Egl^riONS OF MOTION* 

\Vb L.i\< >teu tl^it tlie pnaciple of conservation of exten- 
hirL-iTi-jl* iht" iiKiv iHf expres'^ed as a differential relation be- 
tw tn !i :ii* , < ^ - Uiii ites and m* jinenta and the arbitrary constants 
ifi ti.e Mjuationh uf motion Now the integration of 

the eqniti(;ns of motion consists in the detenmna- 

tiOT* ' f constants as functions of the coordinates and 

Xu n.t n*ui V, tb tl.e time, and the relation afforded by the prm- 
tijle of extensiun-in-phase may assist us in 

ti4 It teiimn ition 

It will I#* » i*n\eiiient to ba\e a notation which shall not dis- 
the cooidinates and momenta If we wnte 
Tj r tiie e<^^»rtiinates and momenta, and <z A as be- 
f fic i* r tbt aiOitiaiT constants, the prmciple of which we 
^4*^*4 * a’v ill M4*rjsel\es, and which is expressed by e<]^nation 
i «>7 u z^y \< wntten 

A) (71) 

I>t izi't v^n^aler the ciise in which the forces are deter- 
hj the toc'rdmates alone Whether the forces are 
M ^M^rvan-ve* or not is immaterial. Since the differential 

* i j tti a.s .'.f motion do not contain the tune (t) m the finite 
nil. it wm e.iramate dt from these equations, we obtain 2 n — 1 

4 11 . .7^ and their differen tiAls , the integration 

* f w f, . h wall introduce 2 n — 1 arbitrary constants which we 
-►Lai; call h If we can effect these integrations, the 

* Str Bfy’tzTiJLn “ Zofaunnienliang zwiscben den Si-tzen nber das Yer- 
*^44 hwrnj.yer Ora^moleCale mit Jacobi’s Pnncip des letzten Mnlti- 
V ’erW.entr ^kad ,Bd LXIII, \bth II, S 679,(1871) 
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remaining constant (a) will then be introduced m the final 
integration, (viz , that of an equation containing dt^') and will 
be added to ox subtracted from t m the integral equation. 
Let us have it subtracted from t It is evident then that 


dr-^ 

da 


(72) 


Moreover, since 6, h and ^ — a are independent functions 
of 9 ^ 2 n 5 the latter variables are functions of the former 

The Jacobian in (71) is therefore function of 6, . , A, and 
^ — a, and since it does not vary with t it cannot vary with a 
We have therefore m the case considered, viz, where the 
forces are functions of the coordinates alone, 

^^-^ = func(6, A) (73) 

Now let us suppose that of the first 2n — 1 mtegrations we 
have accomphshed all but one, determining 2 n — 2 arbitrary 
constants (say c. A) as functions of leavmg I as 

well as a to be determined Our 2^ — 2 fimte equations en- 
able us to regard all the variables r 2 n, and all functions 

of these variables as functions of two of them, (say and rg ,) 
with the arbitrary constants c, A To determine 6, we 
have the fohowmg equations for constant values of c, ... A. 

. dTi dvi 

Ctrl = aa + -TT 
da do 

dr^ j ^ dr^ ,, 
dr^=^da + — dh, 
da db 

~ + S 

Now, by the ordinary formula for the change of variables, 

/ *-=/ /*■■ 

=/• nz 
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where the hmits of the multiple mtegials are formed by the 
same phases. Heuce 


djri, ra) _ d{ri, . ran) d(c, K) 

d(a, h) d(a, h) rg*)’ 


(76) 


With the aid of this equation, which is an identity, and (72), 
we may write equation (74) m the form 


d(r^, r^) d(c, 

d(af . h) d{rs, 


AL 

^2n) 


db = r2 dri — Tj dr^ 


(76) 


The separation of the variables is now easy. The differen- 
tial equations of motion give and m terms of . r^n 
The mtegral equations already obtained give <?, . h and 

therefore the Jacobian cZ(c, ^)ld(r^, . r 2 „), m terms of 
the same variables But in virtue of these same mtegral 
equations, we may regard functions of , r^n as functions 
of and with the constants <?, . A If therefore we write 
the equation m the form 


d(ru ^an) .. _ ^2 

d(a, h) d(c, k) d(c, , h) (77) 

d{r2j T2n) d(r2, r^n) 

the coefficients of and dr^ may be regarded as known func- 
tions of and with the constants c, . h The coefficient 
of db is by (73) a function of J, A It is not mdeed a 
known function of these quantities, but smce c, . . h are 
regarded as constant m the equation, we know that the first 
member must represent the differential of some function of 
hj . A, for which we may write b' We have thus 

= djc, ' h) - d(ej\ h) (78) 

d(r2y .ran) t^(r8, ran) 

which may be mtegrated by quadratures and gives b' as func- 
tions of r^, rg, (?, . A, and thus as function of 
This mtegration gives us the last of the arbitrary constants 
which are functions of the coordinates and momenta without 
the time The final integration, which mtroduces the remam- 
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mg constant (a), is also a quadrature, smce the equation to 
be mtegrated may be expressed m the form 

dt^ F (ri) dr^. 

Now, apart from any such considerations as have been ad- 
duced, if we limit ourselves to the changes which take place 
m time, we have identically 

fa dr-i — f 1 dra = 0, 


and and are given m terms of r^, . . . by the differential 
equations of motion. When we have obtained 2 w — 2 mtegral 
equations, we may regard and as known functions of 
and 7*2. The only remaini n g difficulty is m mtegratmg this 
equation If the case is so simple as to present no difficulty, 
or if we have the skill or the good fortune to perceive that the 
multipher 

1 

h) ^ (79) 

d(r8, ...ran) 


or any other, wiU make the first member of the equation an 
exact differential, we have no need of the rather lengthy con- 
siderations which have been adduced The utility of the 
principle of conservation of extension-m-phase is that it sup- 
phes a ‘ multipher ’ which renders the equation mtegrable, and 
which it might be difficult or impossible to find otherwise 
It will be observed that the function represented by is a 
particular case of that represented by h The system of arbi- 
trary constants b\ c . . .h has certain properties notable for 
simphciiy. If we write V for I m (77), and compare the 
result with (78), we get 


d(ri ygn) _ 
d{a^ 6', c, . . h) 


(80) 


Therefore the multiple mtegral 



da dV do .dh 


(81) 


r > \ sf:u r I n'>y exiex^ios^ix-pha se 


:\ } 


IjnutN u\ reganled as contempo- 

r*Tir ' ^ If Uj» * wii*.* .L-ir*-pijjLso those bmits 

1 ' * i' tv '* it 1 h* Uie fone:> are not de* 

‘-t Vf * ’Lu.n-^ .^'iL , h**t .t’e liinctions of the 

"ilif ** *\*IL t i'*- \ 1 ^ i^bitrAi\ coiibtantb of the 

* t/ ii > A in the general case 

rj ^ r,^, A 4 f \\V lannut the pniici- 

; «* ^ --’^4 i*. r. 5 t \> jntil we ha^e made 

« It* v ^hittii* constantb 5 , .A 

. i » i i I f j^nA n <*f ..r^^^and 

* i- L j i - T ro })e tLu'' (letennined. Our 

*J ^ - 1 r .1 H -^T 4 ^ ^>4 leganl all the variables 

. r^ l- * i *4 * I*-- ^>1 

t IT ’ j L’tVr*' % *1 4* H f */ Lave 



: *♦ 4:^4.^ M :♦ • aa formed by the same 

j -t \Vi* L^ite tL r 1 r»* 


^ c? 's h) 

da ./a,. r,.i’ 

'» ' ', jpi»j tj »*_> a;j,y 5»t* red’Jted to the form 


J 3 


*» 


<34 = 


/ r; 


fii 


dri- 


dib, A) 


dt (84) 


’■-' • ra,) 


N !■» w-f Kr. » it'v 71 ) thi* tlip coefficient of da is a fune- 
*. '3 ' f 1 . ^ Thfir^^i r» 1-4 ... A are regarded as constant 

i:* u f •• ■*..{. r. *).► f,.,t r i^n.}»>r ^^'I)^e^f‘Ilt8 the differential 
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of a function of a, ... h, which we may denote by a'. We 
have then 

1 ri' 

~ d(b,.::h) ' (ss) 

d(r^, ...^2n) 

which may be integrated by quadratures. In this case we 
may say that the principle of conservation of extension-in- 
phase has supplied the ‘ multiplier ’ 

1 

d(b, ...h) (86) 

d(T2j • • . ^*2n) 

for the integration of the equation 

dri — ridt 0 . ( 87 ) 

The system of arbitrary constants a', 6, . . . has evidently 
the same properties which were noticed in regard to the 
system a, 6', . . . h. 


CHAPTEE IV. 


ON THE DISTRIBUTION IN PHASE CALLED CANONICAL, 
IN WHICH THE INDEX OF PROBABILITY IS A LINEAR 
FUNCTION OF THE ENERGY 


Let us now give our attention to the statistical equilibrium 
of ensembles of conservation systems, especially to those cases 
and properties which promise to throw hght on the phenom- 
ena of thermodynamics 

The condition of statistical equilibrium may be expressed 
m the form* 



where P is the coefficient of probability, or the quotient of 
the density-m-phase by the whole number of systems. To 
satisfy this condition, it is necessary and sufficient that P 
should be a function of the and j’s (the momenta and 
coordmates) which does not vary with the time m a moving 
system In all cases which we are now considering, the 
energy, or any function of the energy, is such a function. 

P = f unc (e) 

will therefore satisfy the equation, as indeed appears identi- 
cally if we write it m the form 


dqxdpT^ djp^dq^)~ 


There are, however, other conditions to which P is sub]ect, 
which are not so much conditions of statistical eqmhbnum, as 
conditions imphcitly mvolved in the definition of the coeffi- 


* See equations (20), (41), (42), also the paragraph following equation (20) 
The positions of any external bodies which can affect the systems are here 
supposed uniform for all the systems and constant m time 
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cient of probability, whetlier the case is one of equilibrium 
or not. These are : that P should be single-valued, and 
neither negative nor imaginary for any phase, and that ex- 
pressed by equation (46), viz.. 


aU 

/ •/ 

phases 


Pdpx . , . dqn = 1 . 


These considerations exclude 


(89) 


P = € X constant, 

as well as 

P = constant, 
as cases to be considered. 


The distribution represented by 



(90) 

xfi-e 


P = , 

(91) 


where ® and '\jr are constants, and @ positive, seems to repre- 
sent the most simple case conceivable, since it has the property 
that when the system consists of parts with separate energies, 
the laws of the distribution in phase of the separate parts are 
of the same nature, — a property which enormously simplifies 
the discussion, and is the foundation of extremely important 
relations to thermodynamics. The case is not rendered less 
simple by the divisor 0, (a quantity of the same dimensions as 
€,) but the reverse, since it makes the distribution independent 
of the units employed. The negative sign of e is required by 
(89), which determines also the value of for any given 
0, viz., 

if/ f 

6~® dp,... dq„ . (92) 

phases 

When an ensemble of systems is distributed in phase in the 
manner described, i. e., when the index of probabiliiy is a 
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linear function of the energy, we shall say that the ensemble is 
canonically distributed^ and shall call the divisor of the energy 
(@) the modulus of distribution 

The fractional part of an ensemble canonically distributed 
which hes withm any given limits of phase is therefore repre- 
sented by the multiple integral 

}f / — € 

J* Je^ dpi dq„ (93) 

taken within those limits We may express the same thing 
by saying that the multiple mtegral expresses the probabihty 
that an unspecified system of the ensemble (^ e., one of 
which we only know that it belongs to the ensemble) falls 
withm the given hmits 

Smce the value of a multiple mtegral of the form (23) 
(which we have called an extension-m-phase) bounded by any 
given phases is mdependent of the system of coordinates by 
which it IS evaluated, the same must be true of the multiple 
mtegral m (92), as appears at once if we divide up this 
mtegral into parts so small that the exponential factor may be 
regarded as constant m each The value of is therefoie in- 
dependent of the system of coordinates employed 

It IS evident that might be defined as the energy for 
which the coefficient of probabihty of phase has the value 
umty Smce however this coefficient has the dimensions of 
the mverse Tith power of the product of energy and time,* 
the energy represented by is not mdependent of the units 
of energy and time But when these umts have been chosen, 
the defimtion of wiU mvolve the same arbitrary constant as 
€, so that, while in any given case the numerical values of 
^ or 6 will be entirely mdefimte until the zero of energy has 
also been fixed for the system considered, the difference i/r — e 
will represent a perfectly defimte amount of energy, which is 
entirely mdependent of the zero of energy which we may 
choose to adopt 


* See Chapter I, p 19 
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It IS evident that the canonical distnbution is entirely deter- 
mined by the modulus (considered as a quantity of energy) 
and the nature of the system considered, since when equation 
(92) is satisfied the value of the multiple mtegral (93) is 
mdependent of the umts and of the coordinates employed, and 
of the zero chosen for the energy of the system. 

In treatmg of the canonical distribution, we shall always 
suppose the multiple mtegral m equation (92) to have a 
fimte value, as otherwise the coefl&cient of probability van- 
ishes, and the law of distribution becomes illusory. Tins will 
exclude certam cases, but not such apparently, as will aflfect 
the value of our results with respect to their bearmg on ther- 
modynamics. It will exclude, for instance, cases m which the 
system or parts of it can be distributed m unlimited space 
(or in a space which has Limits, but is still infimte m volume), 
while the energy remains beneath a fimte limit It also 
excludes many cases m which the energy can decrease without 
limit, as when the system contams material points which 
attract one another inversely as the squares of their distances. 
Cases of material points attractmg each other mversely as the 
distances would be excluded for some values of @, and not 
for others The investigation of such points is best left to 
the particular cases For the purposes of a general discussion, 
it IS sufficient to call attention to the assumption imphcitly 
mvolved m the formula (92) * 

The modulus @ has properties analogous to those of tem- 
perature in thermodynamics. Let the system A be defined as 
one of an ensemble of systems of m degrees of freedom 
distributed in phase with a probabihty-coefficient 

6 0 , 

* It will be observed that similar limitations exist m thermod3niamiC8 In 
order that a mass of gas can be in thermodynamic equilibrium, it is necessary 
that it be enclosed There is no thermodynamic equilibrium of a (fimte) mass 
of gas m an infinite space Agam, that two attracting particles should be 
able to do an infinite amount of work in passing from one configuration 
(which is regarded as possible) to another, is a notion which, although per- 
fectly intelligible m a mathematical formula, is qmte foreign to our ordinary 
conceptions of matter 
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and the system B as one of an ensemble of systems of n 
degrees of freedom distnbuted m phase with a probability- 
coefficient 

e 0 , 

which has the same modulus. Let be the 

coordmates and momenta of A, and p ^^^ , . . p^^ 

those of J? Now we may legaid the systems A and B as 
together forming a system (7, havmg m + n degrees of free- 
dom, and the coordmates and momenta q ^ , . . . . p^^^ 

The probability that the phase of the system C/, as thus defined, 
will fall withm the limits 

^Plf dq^+n 


IS evidently the product of the probabibties that the systems 
A and B will each fall withm the specified hmits, viz , 


? 0 dpj, dp^ dqi dq^^ 


(94) 


We may therefore regard (7 as an undetermmed system of an 
ensemble distnbuted with the probability-coefficient 



an ensemble which might be defined as formed by combimng 
each system of the first ensemble with each of the second 
But smce 6^ + is the energy «of the whole system, and 
and j are constants, the probabihty-coefficient is of the 
general form which we are considenng, and the ensemble to 
which it relates is m statistical equihbnum and is canomcaJly 
distnbuted 

This result, however, so far as statistical eqmhbnum is 
concerned, is rather nugatoiy, since conceiving of separate 
systems as forming a smgle system does not create any in- 
teraction between them, and if the systems combmed belong to 
ensembles m statistical equilibrium, to say that the ensemble 
formed by such combmataons as we have supposed is m statis- 
tical equilibnum, is only to repeat the data m different 
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words. Let ns therefore suppose that in forming the system 
0 we add certain forces acting between A and -B, and haying 
the force-fxinction — The energy of the system 0 is now 
4- and an ensemble of such systems distributed 
with a density proportional to 




(%) 


would be in statistical equilibrium. Comparing this with the 
probability-coefficient of C given above (95), we see that if 
we suppose (or rather the variable part of this term when 
we consider all possible configurations of the systems A and B) 
to be infinitely small, the actual distribution in phase of G 
will differ infinitely little from one of statistical equilibrium, 
which is equivalent to saying that its distribution in phase 
will vary infinitely little even in a time indefinitely prolonged.^ 
The case would be entirely different if A and B belonged to 
ensembles having different moduli, say 0^ and The prob- 
ability-coefficient of C would then be 




(97) 


which is not approximately proportional to any expression of 
the form (96). 

Before proceeding farther in the investigation of the dis- 
tribution in phase which we have called canonical, it will be 
interesting to see whether the properties with respect to 


* It will "be otseryed that the above condition relatiag to the forces which 
act between the different systems is entirely analogous to that which must 
hold in the corresponding case in thermodynamics. The most simple test 
of the equality of temperature of two bodies is that they remain in equilib- 
rium when brought into thermal contact. Direct thermal contact implies 
molecular forces acting between the bodies. Now the test will fail unless 
the energy of these forces can he neglected in comparison with the other 
energies of the bodies. Thus, in the case of energetic chemical action be- 
tween the bodies, or when the number of particles affected by the forces 
acting between the bodies is not negligible in comparison with the whole 
number of particles (as when the bodies have the form of exceedingly thin 
sheets), the contact of bodies of the same temperature may produce con- 
siderable thermal disturbance, and thus fail to afiord a reliable criterion of 
the equality of temperature. 
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statistical equilibnum whicli have been described are peculiar 
to it, or whether other distributions may have analogous 
properties 

Let 7 )' and 17" be the mdices of probabihiy m two independ- 
ent ensembles which are each m statistical equilibrium, then 
17' + 77" will be the mdex m the ensemble obtained by combin- 
ing each system of the first ensemble with each system of the 
second This third ensemble wiU of course be in statistical 
equihbnum, and the function of phase 77' + 77^' will be a con- 
stant of motion Now when mfinitesimal forces are added to 
the compound systems, if 77' + 77" or a function differmg 
infinitesimally from this is still a constant of motion, it must 
be on account of the nature of the forces added, or if their action 
IS not entirely specified, on account of conditions to which 
they are subject Thus, m the case already considered, 
77' + 77'' is a function of the energy of the compound system, 
and the infimtesimal forces added are subject to the law of 
conservation of energy 

Another natural supposition in regard to the added forces 
IS that they should be such as not to affect the moments of 
momentum of the compound system To get a case m which 
moments of momentum of the compound system shall be 
constants of motion, we may imagine material particles con- 
tamed m two concentric spherical shells, bemg prevented from 
passmg the surfaces boundmg the shells by repulsions actmg 
always m hues passmg through the common centre of the 
shells Then, if there are no forces actmg between particles m 
different shells, the mass of particles m each shell will have, 
besides its energy, the moments of momentum about three 
axes through the centre as constants of motion 

Now let us imagme an ensemble formed by distnbutmg in 
phase the system of particles m one shell according to the 
mdex of probability 




( 98 ) 


where e denotes the energy of the system, and 0)3, its 

three moments of momentum, and the other letters constants. 
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In like manner let us imagine a second ensemble formed bj 
distributing in phase the system of particles m the other shell 
accordmg to the index 


Oi ^ 


D, Oj’ 


( 99 ) 


where the letters have similar sigmfications, and flj, Oj* ^8 
the same values as in the preceding formula. Each of the 
two ensembles will evidently be m statistical equihbnum, and 
therefore also the ensemble of compound systems obtained by 
combining each system of the first ensemble with each of the 
second. In this ^rd ensemble the index of probabihty wiU be 

^ + + + ^ + ( 100 ) 

where the four numerators represent functions of phase which 
are constants of motion for the compound systems 

Now if we add in each system of this third ensemble mfim- 
tesimal conservative forces of attraction or repulsion between 
particles m different shells, determined by the same law for 
all the systems, the functions + of, a>^ + ca^, and <o^ + Wj' 
will remam constants of motion, and a function differmg m- 
finitely Uttie from ej + e' wiU be a constant of motion. It 
would therefore require only an infimtesimal change in the 
distnbution in phase of the ensemble of compound systems to 
make it a case of statistical equihbnum. These properties are 
entirely analogous to those of canomcal ensembles * 

Again, if the relations between the forces and the coordinates 
can be expressed by hnear equations, there wiU be certain 
“ normal ” types of vibration of which the actual motion may 
be regarded as composed, and the whole energy may be divided 


• It vottld not to potiible to omit the term relating to energy in the above 
indicei, lince without thle term the condition expreeeed by equation (89) 
cannot be eatiefled 

The coniideratlon of the above case of etatietical equilibrium may be 
made the foundation of the theory of the thermodynamic equilibrium of 
rotating bodies, — a subject which has been treated by Maxwell in his memoir 
“On Boltemann’s theorem on the average dUtribution of energy in a system 
of material points " Cambr Phil Trans , vol 331, p 647, (1878). 
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into parts relating separately to vibrations of these different 
types These partial energies wiU be constants of motion, 
and if such a system is distributed according to an index 
which IS any function of the partial energies, the ensemble will 
be in statistical equihbnum Let the index be a linear func- 
tion of the partial energies, say 



( 101 ) 


Let us suppose that we have also a second ensemble com- 
posed of systems m which the forces are Imear functions of 
the coordinates, and distributed in phase according to an index 
which IS a hnear function of the partial energies relating to 
the normal types of vibration, say 



3iL 


( 102 ) 


Smce the two ensembles are both m statistical eqmhbnum, 
the ensemble formed by combinmg each system of the first 
with each system of the second will also be in statistical 
equilibrium Its distribution m phase wiU be represented by 


the mdex 



(103) 


and tihe partial energies represented by the numerators in the 
formula wiU be constants of motion of the compound systems 
which form this third ensemble 
Now if we add to these compound systems mfinitesimal 
forces acting between the component systems and subject to 
the same general law as those already existing, viz , that they 
are conservative and hnear functions of the coordinates, there 
wiU stiU be »! + TO types of normal vibration, and n + to 
energies which are independent constants of motion 
If all the original n + m normal types of vibration have differ- 
ent penods, the new types of normal vibration wiH differ infini- 
tesimally from the old, and the new partial energies, which are 
constants of motion, will be nearly the same functions of 
ptiaaft as the old. Therefore the distribution in phase of the 
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ensemble of compound systems after the addition of the sup- 
posed infinitesimal forces wiU diflfer mfimtesimally from one 
which would be in statistical equihbnum. 

The case is not so simple when some of the normal types of 
motion have the same periods. In this case the addition of 
infimtesimal forces may completely change the normal types 
of motion. But the sum of the partial energies for aU the 
original types of vibration which have any same period, will 
be nearly identical (as a function of phase, i. e., of the coordi- 
nates and momenta,) with the sum of the partial energies for 
the normal types of vibration which have the same, or nearly 
the same, period after the addition of the new forces. If, 
therefore, the partial energies m the mdices of the first two 
ensembles (101) and (102) which relate to types of vibration 
having the same peno^, have the same divisors, the same will 
be true of the index (103) of the ensemble of compound sys- 
tems, and the distnbution represented wiU differ infinitesimally 
from one which would be m statistical equilibrium after the 
addition of the new forces.* 

The same would be true if in the mdices of each of the 
onginal ensembles we should substitute for the term or terms 
relating to any period which does not occur m the other en- 
semble, any function of the total energy related to that period, 
subject only to the general limitation expressed by equation 
(89). But in Older that the ensemble of compound systems 
(with the added forces) shall always be approximately in 
statistioal equilibrium, it is necessary that the mdices of the 
original ensembles should be hnear functions of those partial 
energies which relate to vibrations of periods common to the 
two ensembles, and that the coefficients of such partial ener- 
gies should be the same m the two indices.f 

• It Is Intewsting to compare the above relations Trith the laws respecting 
the exchange of energy between bodies by radiation, although the phenomena 
of radiations lie entirely without the scope of the present treatise, in which 
the is limited to systems of a finite number of degrees of freedom 

t The above may perhaps be sufficiently illustrated by the simple case 
where n = 1 in each system. If the periods are different in the two systems, 
they may be distributed according to any functions of the energies but if 
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The properties of canonically distributed ensembles of 
systems with respect to the equilibrium of the new ensembles 
which may be formed by combining each system of one en- 
semble with each system of anothei, are therefore not pecuhar 
to them m the sense that analogous properties do not belong 
to some other distributions under special hmitations m regard 
to the systems and forces considered. Yet the canomcal 
distribution evidently constitutes the most simple case of the 
kmd, and that for which the relations described hold with the 
least restrictions. 

Eetummg to the ease of the canomcal distribution, we 
shall find other analogies with thermodynanuc systems, if we 
suppose, as m the preceding chapters,* that the potential 
energy (e^) depends not only upon the coordinates 
which determine the configuration of the system, but also 
upon certain coordinates ai , as , etc of bodies which we call 
external^ mearung by this simply that they are not to be re- 
garded as forming any part of the system, although their 
positions affect the forces which act on the system The 
forces exerted by the system upon these external bodies will 
be represented by — deqjda^^ — de^Jda^y etc , while — 

— dcgldqn represent aU the forces acting upon the bodies 
of the system, mcluding those which depend upon the position 
of the external bodies, as well as those which depend only 
upon the configuration of the system itself It will be under- 
stood that €p depends only upon ji, . . . jPn? other 

words, that the kinetic energy of the Indies which we call 
external forms no part of the kinetic energy of the system. 
It follows that we may write 


de __ de^ 

d(Zj^ dor^ 


— — 


(104) 


although a similar equation would not hold for differentiations 
relative to the internal cooidmates 


the penods are the same they must be distributed canonically with same 
modulus in order that the compound ensemble with additional forces may 
be in statistical equilibrium 

See especiaUy Chapter I, p 4 
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We always suppose these external cobidinates to haye the 
same values for aU systems of any ensemble In the case of 
a canomcal distribution, t. e , when the index of probability 
of phase is a linear function of the energy, it is evident that 
the values of the external coordinates will affect the distnbu* 
taon, since they affect the energy. In the e(j[uation 

_± 

e ® = J Je dq^, (106) 

phaaes 

by which may be determined, the external coordinates, Oj, 
flj, etc., contained implicitly in e, as well as 0, are to be re- 
garded as constant m the integrations mdicated. The equa- 
tion indicates that is a function of these constants. If we 
imagme theu: values vaned, and the ensemble distnbuted 
canomcaUy according to their new values, we have by 
differentiation of the equation 

— ^ \ aU f 

^ ^dpi...dq^ 

phases 

phases 

^ all € 

(106) 

phases 

it 

or, multiplying by ® e®, and setting 


^ — A ^ — A 4. 

dch. ~ ~ da^~^> 


-df + ^d® = ^d®J...J'ee^dpi . dq, 

phases 


“f* d<l± 


all 

fj 


Aie^ dpi. .dq. 


r r — 

doij - ‘ J Ai 6 ^ dpi ... dq^ etc. (107) 
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Now the average value m the ensemble of any quantity 
(which we shall denote in general by a horizontal line above 
&e proper symbol) is detemimed by the equation 

. P tH 

« —j J ^ ^ 2 "** ( 108 ) 

phaaei 

Comparing this with the preceding equation, we have 

d}h =; — — — d® — Ai dcti ““ ^2 doj etc* (109) 

^0 0 


Or, since ^ =v> 

( 110 ) 

and g, = i;, 

( 111 ) 

dil/=:^d® — 2i dai — Za do^ — etc. 

( 112 ) 

Moreover, smce (111) gives 


dif/ de =z ® oUri + ^ d®, 

we have also 

(113) 

di = — ® d^ — Jfi doi — do* — etc. 

(114) 

This equation, if we neglect the sign of averages, 
cal m form with the thermodynamic equation 

IS identi- 

- de + dtti + -4a d^a + etc. 

(116) 

or 

d€ = Tdri — Ax ddx — A 2 daj — etc , 

(116) 

which expresses the relation between the energy, tempera- 
ture, and entropy of a body m thermodynamic equihbnum, 
and the forces which it exerts on external bodies, — a relation 
which IS the mathematical expression of the second law of 
thermodynamics for reversible changes The modulus m the 
statistical equation corresponds to temperature m the thermo- 
dynanuc equation, and the average mdex of probabihty mth 
%U 9ign reversed corresponds to entropy. But in the thermo- 
dynamic equation the entropy ( 17 ) is a quantity which is 
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only defined by the equation itself, and incompletely defitned 
m that the equation only determines its differential, and the 
constant of integration is arbitrary. On the other hand, the 
rj m the statistical equation has been completely defined as 
the average value in a canomcal ensemble of systems of 
the logarithm of the coefficient of probabihty of phase. 

We may also compare equation (112) with the thermody- 
namic equation 

= — ridT — Axda-i — A^da^, ©tc , (H*^) 

where i/r represents the fimction obtained by subtractmg the 
product of the temperature and entropy from the energy. 

How fai, or in what sense, the similanty of these equations 
constitutes any demonstration of the thermod 3 uiaimc equar 
tions, or accounts for the behavior of material systems, as 
described m the theorems of thermodynamics, is a question 
of which we shall postpone the consideration until we have 
further mvestigated the properties of an ensemble of systems 
distributed in phase according to the law which we are con- 
sidenng The analogies which have been pointed out will at 
least supply the motive for this mvestigation, which will 
naturally commence with the determination of the average 
values m the ensemble of the most important quantities relating 
to the systems, and to the distribution of the ensemble with 
respect to the different values of these quantities. 


CHAPTER V, 


AVERAGE VALUES m A CANONICAL ENSEMBLE 
OF SYSTEMS 


In the simple but important case of a system of material 
pomts, if we use rectangular coordinates, we have for the 
product of the differentials of the coordmates 

dxi dyi dzi dxy dy^ dz^^ 

and for the product of the differentials of the momenta 

mi dxi m-^ dyi mi dz^ dxy dy^ dzy 

The product of these expressions, which represents an element 
of extension-m-phase, may be briefly written 


mi dxx dzy dxx . . dzy , 


and the mtegral 

^ J*e^ nil 


( 118 ) 


will represent the probabihty that a system taken at random 
from an ensemble canomcaUy distributed will fall within any 
given limits of phase 
In this case 


and 


€ — €^ + imiXi^ + i my Zy\ ( 119 ) 

( 120 ) 


The potential energy (e^) is mdependent of the velocities, 
and if the limits of mtegration foi the coordinates are inde- 
pendent of the velocities, and the limits of the several veloci- 
ties are mdependent of each other as well as of the coordinates, 
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the multiple mtegral may be resolved into the product of 
integrals 


/■/• 




• ^ 65 2 e dtlC\ • • t j B 


miXi^ 


S’ 


m^Zy 


( 121 ) 


This shows that the probabihty that the configuration lies 
within any given 1 units is independent of the velocities, 
and that the probability that any component velocity hes 
withm any given limits is mdependent of the other component 
velocities and of the configuration. 

Smce 


and 


/: 




Wj dxi = Trmj 0, 

(122) 

miXi^ 


? 7rvidxi=:= 

(123) 


the average value of the part of the kmetio energy due to the 
velocity Xj^, which is expressed by the quotient of these inte- 
grals, IS J This IS true whether the average is taken for 
the whole ensemble or for any particular configuration, 
whether it is taken without reference to the other component 
velocities, or only those systems are considered in which the 
other component velocities have particular values or he 
withm specified limits 

The number of coordinates is 3 v or n We have, therefore, 
for the average value of the kmetic energy of a system 

e, = fv® = ^n® (124) 

This IS equally true whether we take the average for the whole 
ensemble, or hmit the average to a smgle configuration 

The distribution of the systems with respect to their com- 
ponent velocities follows the ‘ law of errors ’ , the probabihty 
that the value of any component velocity hes within any given 
limits being represented by the value of the correspondmg 
mtegral m (121) for those limits, divided by (2 w m ©)*, 
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which IS the value of the same mtegral for mfimte limits 
Thus the probabihty that the value of x-^ hes between any 
given limits is expressed by 



The expression becomes more simple when the velocity is 
expressed with reference to the energy mvolved If we set 



the probabihty that s hes between any given limits is 
expressed by 



ds 


(126) 


Here s is the ratio of the component relocily to that which 
would give the energy @ , m other woids, ^ is the quotient 
of the energy due to the component velocity divided by 0. 
The distnbution with respect to the partial energies due to 
the component velocities is therefore the same for all the com- 
ponent velocities 

The probabihty that the configuration hes withm any given 
limits IS express^ by the value of 


QV 

Jd} (2ir®) 2 J* J , 


t ® dx. 


for those hunts, where M denotes the product of all the 
masses This is derived from (121) by substitution of the 
values of the mtegrals relating to velocities taten for mfimte 
hunts 

Very smular results may be obtamed in the general case of 
a conservative system of n degrees of freedom Smoe is a 
homogeneous quadratic function of the jp’s, it may be divided 
mto parts by the formula 



+ iPn 


dpn 


( 128 ) 
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where c might be wntten for e, m the differential coefiBcients 
without affecting the sigmfication The average value of the 
first of these parts, for any given configuration, is expressed 
by the quotient 



Now we have by integration by parts 





dpi. 


(129) 


(130). 


By substitution of this value, the above quotient reduces to 
p which IS therefore the average value of ii>i— for the 

dpx 

given configuration. Since this value is mdependent of the 
configuration, it must also be the average for the whole 
ensemble, as night easily be proved directly (To make 
the precedmg proof apply directly to the whole ensemble, we 
have only to write . . dq^ for dp ^ . m the multiple 
mtegrals ) This gives J n @ for the average value of the 
whole kmetic energy for any given configuration, or for 
the whole ensemble, as has already been proved m the case of 
matenal points 

The mechanical significance of the several parts into which 
the kmetic energy is divided m equation (128) wiH be appar- 
ent if we imagine that by the application of suitable forces 
(different from those derived from and so much greater 
that the latter may be neglected m comparison) the system 
was brought from rest to the state of motion considered, so 
rapidly that the configuration was not sensibly altered during 
the process, and in such a manner also that the ratios of the 
component velocities were constant in the process. If we 
write 

Fidqi F,dq^ 
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for the moment of these forces, we have for the period of their 
action by equation (3) 


The work done by the force may be evaluated as follows 




where the last term may be cancelled because the configuration 
does not vary sensibly durmg the application of the forces 
(It will be observed that the other terms contain factors which 
mciease as the time of the action of the forces is dimin ished ) 
We have therefore, 


J Fi dqi = Jpx <?i dt — J'qi dp dpi (131) 

For smce the ^’s are hnear functions of the j’s (with coeffi- 
cients mvolving the j’s) the supposed constancy of the q^s and 
of the ratios of the j’s wiU make the ratio qi/pi constant. 
The last integral is evidently to be taken between the limits 
zero and the value of m the phase ongmally considered, 
and the quantities before the integral sign may be taken as 
relating to that phase We have therefore 

f Fi dqi = ipi qi = \pi ^ (132) 

That is. the several parts mto which the kmetic energy is 
divided m equation (128) represent the amounts of energy 
commumcated to the system by the several forces ... 
under the conditions mentioned. 

The foUowmg transformation will not only give the value 
of the average kmetic energy, but wiU also serve to separate 
the distnbution of the ensemble m configuration from its dis- 
tnbution m velocity. 

Smce 2 IS a homogeneous quadratic function of the p's, 
which IS mcapable of a negative value, it can always be ex- 
pressed (and m more than one way) as a sum of squares of 
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linear functioiis of the • The coefiQcients in these linear 
functions, like those in the quadratic function, must be regarded 
m the general case as functions of the j’s. Let 


2 €, = Ml* + 

where ttj . . . w, are such hnear functions of the »’s. K we 
write 

^(jPl > Pn) 

<^(«1 • «») 

for the Jacobian or determinant of the differential coeflacients 
of the form dpldm^ we may substitute 


for 


^jPl ■ Pn) 


dUy^ . 


<f(Ml . M.) 

di>i . . dp, 




under the multiple mtegral sign in any of our formulae. It 
wiU be observed that this determinant is function of the j’s 
alone The sign of such a determinant depends on the relsr- 
tive order of the variables m the numerator and denominator. 
But smce the sufGbces of the m’s are only used to distmguish 
these functions from one another, and no especial relation is 
supposed between a ^ and a m which have the same suffix, we 
may evidently, without loss of generahiy, suppose the suffixes 
so apphed that the determinant is positive. 

Smce the «’s are hnear functions of the p’s, when the in- 
tegrations are to cover aU values of the p’s (for constant o’s) 
once and only once, they must cover all values of the «’s once 
and only once, and the Imuts will be ± oo for all the m’s. 
Without the supposition of the last paragraph the upper limits 
would not always be + oo , as is evident on considering the 
effect of changmg the sign of a «. But with the supposition 
which we have made (that the determinant is always positive) 
we may make the upper limits + oo and the lower — oo for all 
the m’s Analogous considerations will apply where the in- 
tegrations do not cover all values of the p’s and therefore of 


^ • The reduction requires only the repeated application of the process of 
completing the square’ used in the solution of quadratic equatlLs. 
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the It’s. The mtegrals may always be taken from a less to a 
greater value of a « 

The general mtegral which expresses the fractional part of 
the ensemble which falls within any given hmits of phase is 
thus reduced to the form 




dv^ 


du„dq^. d2',.(134) 


For the average value of the part of the kmetic energy 
which IS represented by whether the average is taken 
for the whole ensemble, or for a given configuration, we have 


therefore 





(2ir@)i 2 


(136) 


and for the average of the whole kinetic energy, -Jw®, as 
before. 

The fractional part of the ensemble which hes within any 
given limits of eonfiguTotwn, is found by integrating (184) 
with respect to the it’s from — oo to + « • This gives 



d(p, ■ -Pn) 
d(wi ««) 


d?! • 




(136) 


which shows that the value of the Jacobian is independent of 
the manner in which is divided into a sum of squares. 
We may verify this directly, and at the same tune obtam a 
more oonvement expression for the Jacobian, as follows. 

It will be observed that smce the w’s are hnear functions of 
the J 9 ’s, and the p's hnear functions of the the «’8 will be 
hnear functions of the q% so that a differential coefacient of 
the form du/dq wiU be mdependent of the q% and function of 
the j’s alone. Let us write dpjdu^ for the general element 
of the Jacobian determinant. W e have 
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d de du^ 

dUy . dUy d<i^ dUy r=x du^ dq^ 

= f 

f=i Vd«, du^ dqj ~ ^ ^ ^ (137) 

Therefore 

<^0» P.) d(u, . . t4,) 

d(u, . M,) (138) 


/ d(^p,...p,) ^ ^ ^ d(u, ■ 'i<,) Y_ <^(jo, p„) 

\rf(M, . -Mn)/ -.Sb)/ d(^, . q^) 


( 139 ) 


These determinants are all functions of the q'a alone.* The 
last 18 evidently the Hessian or determinant formed of the 
second differential coefdcients of the kmetic energy with re- 
spect to . . q^. W e shall denote it by The reciprocal 
determinant 


?,) 

i>«)’ 


which IS the Hessian of the kmetic energy regarded as func- 
tion of the p’s, we shall denote by Ap. 

If we set 



Ap dp, . . dp 


n 


+« -f-oo — Wi* 

=/■ / 

— flo —00 


dui . . dUn = (2ir 


n 



(140) 


f - ^Pp, (141) 

• It will be observed that the proof of (137) depends on the linear relation 
between the u’s and q’B, which makes — ^ constant with respect to the differ- 
entiatiouB here considered Compare note on p 12 
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the fractLonal part of the ensemble which hes within any 
given hmits of configuration (136) may be written 

J. J e e dq^i. dq^, (142) 

where the constant may be determined by the condition 
that the mtegral extended over all configurations has the value 
unily * 


* In the simple but important case m which A, is mdependent of the y's, 
and cg a quadratic function of the q*s, if we write €a for the least yalue of 
(or of m) consistent with the given values of the external coordinates, the 
equation determining il/g may be written 




4-00 

=V/ 






dqi dq% 


If we denote by qx, qn the values of qn which give c, its least value 

€o, it is evident iat cg — «« is a homogenous quadratic fimction of the differ- 
ences — qxt etc , and that dqx^ dqn may be regarded as the differentials 
of these differences The evaluation of this mtegral is therefore analytically 
fjimilar to that of the mtegral 

+0O 4-<» 

J ft ^ dpx dpm 


for which we have found the value dp" 
by analogy, we get 


' (2ir6)v By the same method, or 


"=(!)* 


(2ire)», 

where Ag is the Hessian of the potential energy as function of the q*B It 
will be observed that Ag depends on the forces of the system and is mdepend- 
ent of the masses, while Ag or its reciprocal Ap depends on the masses and 
18 independent of the forces 'While each Hessian depends on the system of 
coordinates employed, the ratio Ag/Ag is the same for all systems 
Multiplymg the last equation by (140), we have 

Tor the average value of the potential energy, we have 
+» -ho 

y y(«*-*o)« ® <f?i rfji. 


— eo = 


— 00 — <o 


+00 +CO 

y ye * dqn 
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When an ensemble of systems is distnbuted m cvnfigura- 
tion m the manner indicated in this formula, i. e., when its 
distribution m configuration is the same as that of an en- 
semble canomcally distnbuted m phase, we shall say, without 
any reference to its velocities, that it is canmdoally diMrtbuUd 
in configuration. 

For any given configuration, the fractional part of the 
systems which he withm any given limits of velocity is 
represented by the quotient of the multiple integral 


* di>. 


or its equivalent 


6^^ dui . . du^, 


taken within those limits divided by the value of the same 
mtegral for the limits ± oo. But the value of the second 
multiple mtegral for the hmits ± oo is evidently 

A,*(2ir@)5. 

We may therefore write 



(143) 


The eyaluation of this expression is similar to that of 

+f -H» — i 
y , y'cps ® dpn 


f f* dpn 

which expresses the average value of the kinetic energy, and for which we 
have found the value g a O "We have accordingly 


Addmg the equation 
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or 

/•j 

^Vp-*p 

I e ® A/dpi . dp^, 

(144) 

or again 

/ J 

I e ® A, 

(145) 


for the fractional part of the systems of any given configura- 
tion which he witlbn given hmits of velocity 
"When systems are distributed m velocity according to these 
formulae, t e , when the distribution m velocity is like that m 
an ensemble which is canomcally distributed in phase, we 
nhall say that they are canomcally distnbuted in velocity 
The fractional part of the whole ensemble which falls 
withm any given hmits of phase, which we have before 
expressed m the form 




J Je^ dpi djp„dqi dq^, 
may also be expressed m the form 

if / — c 

J' Je^ \dqi . dq^dqi dq^ 


(146) 


(147) 



CHAPTER VI. 

EXTENSION IN CONFIGURATION AND EXTENSION 
IN VELOCITY 

The formulae relatmg to canomcal ensembles m the closing 
paragraphs of the last chapter suggest certam general noti^ 
and prmciples, which we shall consider m this chapter, and 
which are not at all limited m their apphcation to the canon- 
ical law of distribution.* 

We have seen m Chapter IV . that the nature of the distnbu- 
tion which we have caUed canomcal is mdependent of the 
system of coordinates by which it is described, bemg deter- 
nuned entiiely by the modulus. It follows that the value 
represented by the multiple integral (142), which is the frac- 
tional part of the ensemble which hes within certam limiting 
configurations, is independent of the system of coordinates, 
wmg detenmned entirely by the hmitmg configurations with 
the modulus Now •^, as we have already seen, represents 
a value which is independent of the system of coordinates 
by which It IS defined The same is evidently true of 
Yp by equation (140), and therefore, by (141), of dr 
Hence the exponential factor in the multiple mtegral (142) 
represents a value which is independent of the system of 

c^rdinates It foUows that the value of a multiple integral 
of the form ° 

y* • (148) 


“otions and principles are in fact such as a more logical arranee- 
subject would place in connection with those of Chapter I to 
which they are closely related The strict requirements of logical order 
are been sacnfloed to the natural derelopment of the subject, and rery 

theTtn^ presented themselves in 

me study of the leading problems 
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IS independent of the system of coordinates which is employed 
for its evaluation, as will appear at once, if we suppose the 
multiple mtegral to be broken up mto parts so small that 
the exponential factor may be regarded as constant in each. 

In the same way the formulae (144) and (145) which expiess 
the probability that a system (in a canonical ensemble) of given 
configuration will fall withm certam limits of velocity, show 
that multiple mtegrals of the form 

J. (149) 

or / A* dqi dq, (150) 

relating to velocities possible for a given configuration, when 
the limits are formed by given velocities, have values inde- 
pendent of the system of cobrdmates employed. 

These relations may easily be venfied duectly. It has al- 
ready been proved that 

d(ii» -Pn) _ d(gi giO _ d(gi, . g,) 

d(pi, i>») d(Qi, . ^,) 


where 9 • • • and , . . . JP j , . . JP „ are two 

systems of coordinates and momenta.* It follows that 


I /(: 


%i» 2») J 

d(Pi, 


=/ /(: 


dyi . . . dq. 


■Pn)\i d(qi, ..y. ) 


d(qi, qn)J d(Qi, . Q„) 


dQx . . dQ, 


_r r/dOi, Pn)\hfd(Pt, Pn)\lfd(qu 

~J 'J Ufc i.) j w.. J'O ) 


See equation (29)« 
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c crdjQx, p,) 


rfd(Qi, 

• . ^«)\ 

J \diPi, 

..Pn) J 


J J Wx, . P.)) \d(p„...2>n)) Uci, -Q.)) 

=/ •/(^)‘^ 

The multiple integral 

f • fdpx. . dp,dq^ . . . dq„, (151) 

which may also be written 

f .dgi^dqi . dq„, (162) 

and wlncli, when taken within any given hnuts of phase, has 
been shown to have a value independent of the coordinates 
employed, expresses what we have called an extemion-in- 
In hke manner we may say that the multiple integral 
(148) expresses an extenszm-in-configuraUon, and that the 
m^aple a49) imd (ISO) eiprea an 

velocity. We have called 

dpi.. dp^dq^. . . dq,, ( 153 ) 

which IS equivalent to 

\dqi.. d^ndqi. .dq^, (I 34 ) 

an element of extension-m-phase. We may call 

\^dqi ...dq^ (I 53 ) 

an element of extension-m-configuration, and 


* See Chapter I, p 10, 


( 166 ) 
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or its equivalent 

(157) 

an element of extension-m-velocity 
An extension-in-phase may always be regarded as an integral 
of elementary extensions-in-configuration multiplied each by 
an extension-m-velocity This is evident from the formulae 
(151) and (162) which express an extension-in-phase, if we 
imagme the mtegrations restive to velocity to be fiist cained 
out 

The product of the two expressions for an element of 
extension-m-velocity (149) and (150) is evidently of the same 
dimensions as the pioduct 

Pi Pn<li 

that IS, as the wth power of energy, since every product of the 
form has the dimensions of energy Therefore an exten- 
sion-m-velocity has the dimensions of the square root of the 
Tith power of energy Again we see by (155) and (156) that 
the product of an extension-in-configuration and an extension- 
m-velocity have the dimensions of the nth powei of energy 
multiphed by the nth power of tune Therefore an extension- 
m-configuration has the dimensions of the nth powei of time 
multiphed by the square root of the nth power of energy 
To the notion of extension-in-configuration there attach 
themselves certam other notions analogous to those which liave 
presented themselves m connection with the notion of ex- 
tension-m-phase The number of systems of any ensemble 
(whether distributed canomcally or in any other manner) 
which are contained m an element of extension-in-configura- 
tion, divided by the numerical value of that element, may he 
called the density-^rirconjiguration That is, if a certtim con- 
figuration IS specified by the coordinates ami the 

number of systems of which the cobrdmates fall between the 
limits and -f dji > • ?n qn + dq^ is expressed by 

dq„. 


( 158 ) 
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J)q Tnll be the density-m-configuTation.. And if we set 

6’'-' = ^, (169) 

where JT denotes, as usual, the total number of systems in. the 
ensemble, the probabihty that an unspecified system of the 
ensemble will fall withm the given limits of coi^guration, is 
expressed by 

dq^. (160) 

We may call the coefficient of prohahility of the configuTct^ 
tion^ and rjq the index of pTohcihility of the conjiguTdtion* 

The fractional part of the whole number of systems which 
are withm any given limits of configuration will be expressed 
by the multiple mtegral 

/■ / dq^. ( 161 ) 

The value of this mtegral (taken withm any given configura- 
tions) IS therefore mdependent of the system of coordinates 
which IS used Since the same has been proved of the same 

mtegral without the factor e\ it follows that the values of 

7}q and Dq for a given configuration m a given ensemble are 
mdependent of the system of coordmates which is used. 

The notion of extension-m-velocity relates to systems hav- 
ing the same configuration ♦ If an ensemble is distributed 
both m configuration and in velocity, we may confine our 
attention to those systems which are contained within certain 
mfimtesimal limits of configuration, and compare the whole 
number of such systems with those which are also contained 

* Except in some simple cases, such as a system of material points, we 
cannot compare velocities in one configuration with velocities in another, and 
speak of their identity or difference except in a sense entirely artificial. We 
may indeed say that we call the velocities in one configuration the same as 
those in another when the quantities gi, gn have the same values in the 
two cases But this signifies nothing until the system of coordinates has 
been defined We might identify the velocities in the two oases which make 
the quantities pi, pn the same in each This again would signify nothing 
mdependently of the system of coordinates employed 
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within certain infinitesimal limits of velocity. The second 
of these numbers divided by the first expresses the probabihty 
that a system which is only specified as falling within the in- 
finitesimal limits of configuration shall also fall within the 
infimtesimal limits of velocity If the limits with respect to 
velociiy are expressed by the condition that the momenta 
shall fall between the limits and Pi + dp^^. 

Pn + dpni the extension-m-velocity within those limits will be 

\^dp^ dp^y 

and we may express the probabihty m question by 

( 162 ) 

This may be regarded as defining 17 ^ 

The probabihty that a system which is only specified as 
havmg a configuration within certain infidatesunal limits shall 
also fall withm any given limits of velocity wiU be expressed 
by the multiple integral 

/•/«' .dp^, ( 163 ) 

or its eqxiiTalent 

/ ■ / ( 164 ) 
taken mthin the given linuts. 

It follows that the probability that the system will fall 
withm the limits of velocity, and + dq^, . . . and 

2 n + dj* is expressed by 

( 156 ) 

The value of the mtegrals (168), (164) is independent of 
the system of coordinates and momenta which is used, as is 
also the value of the same mtegrals without the factor 
therefore the value of 57 , must be independent of the 
system of cobrdmates and momenta We may call the 
eoeffimnt of proldbdUy of vehevty, and ri^ the mdex of pnlor 
bdtty of velocity. 
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Comparmg (160) and (162) with (40), we get 

= P = ( 166 ) 

I?* + ifc = ’J (167) 

That IS the product of the coefficients of probability of con- 
figuration and of velociiy is equal to the coefficient of probar 
bihiy of phase j the sum of the indices of probability of 
configuration and of velocity is equal to the mdex of 
probability of phase 

It IS evident that e’* and A have the dimensions of the 
reciprocals of extension-m-configuration and extension-in- 
velocity respectively, i the dimensions of t~* e-* and €”■», 
where t represent any tune, and e any energy If, therefore, 
the umt of time is multiphed by c,, and the umt of energy by 
c,, every will be mcreased by the addition of 

n log 0 , + in log o„ (168) 

and every by the addition of 

in logo,* (169) 

It should be observed that the quantities which have been 
called exUnsioTi^n-configuratwn and extenmn~in-vdo<nty are 
not, as the terms might seem to imply, purely geometncal or 
kmematical conceptions. To express their nature more fuUy, 
they might appropriately have been called, respectively, the 
dynawAcal measwre of the extension m configuration, and the 
dynamical measure of the extension in vAocnty. They depend 
upon the masses, although not upon the forces of the 
system In the simple case of material pomts, where each 
pomt is hmited to a given space, the eitension-m-configuration 
IS the product of the volumes withm which the several points 
are confined (these may be the same or different), multiplied 
by the square root of the- cube of the product of the masses of 
the several pomts The extension-in-velocity for such systems 
IB most easily defined as the extension-in-oonfiguration of 
systems which have moved from the same configuration for 
the umt of time with the given velocities. 

• Compare (47) m Chapter 1 
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In the general case, the notions of extension-in-configuration 
and extension-ih-velocily may be connected as follows 

If an ensemble of similar systems of n degrees of freedom 
have the same configuration at a given mstant, but are distrib- 
uted throughout any finite extension-m- velocity, the same 
ensemble after an infinitesimal mterval of time ht will be 
distnbuted throughout an extension m configuration equal to 
its original extension-m-velocity multiphed by 

In demonstratmg this theorem, we shall write . qj for 
the imtial values of the coordinates The final values will 
evidently be connected with the mitial by the equations 

2^1 - = 2^1 • 2n “ 2»' = (170) 

Now the original extension-m-velocity is by definition repre- 
sented by the mtegral 

/ / <^3n, (171) 

where the hmits may be expressed by an equation of the form 

y-) = 0 (172) 

The same mtegral multiphed by the constant Bf' may be 
■written 

/ d{g„St), (173) 

and the limits may be written 

9n)==f(qiSt, qnBt) = 0. (174) 

(It will be observed that & as weU as is constant in the 
mtegrations ) Now this mtegral is identically equal to 

f d(q,. gj), (ITS) 

or its eqm-valent 

/ / \^dq^ dg„, (176) 

with Inmts expressed by the equation 

J (?i - • ?, - gj) = 0. (177) 
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But the systems which uutially had velocities satisfying the 
equation (172) will after the interval St have configurations 
satisfying equation (177). Therefore the extension-in-con- 
figuration represented by the last integral is that which 
belongs to the systems which ongmally had the extension-m- 
velocify represented by the integral (171). 

Smce the quantities which we have called extensions-in- 
phase, extensions-in-con%uration, and extensions-in-velocity 
are independent of the nature of the system of coGrdmatee 
used m their definitions, it is natural to seek definitions which 
shall be independent of the use of any coordinates. It will be 
sufiScient to give the following definitions without formal proof 
of their eqmvalence with those given above, since they are 
less convenient for use than those founded on systems of co- 
ordinates, and smce we shall m fact have no occasion to use 
them 


We commence with the definition of extension-in-velocity. 
We may imagme n mdependent velocities, Tj , . . 1^ of which a 
system m a given configuration is capable. We may conceive 
of tee system m havmg a certain velocity V, combined with a 
part of each of these velocities Tj . . . F;. By a part of K is 
meant a velocity of the same nature as V, but m amount being 
anything between zero and Now all the velocities which 
may be thus descnbed may be regarded as forming or lying in 
a certam extension of which we desire a measure The Le 
IS greatly simphfied if we suppose that certain relations exist 
between the velocities . T,, viz : that the kinetic eneigy 
due to any two of these velocities combined is the sum of tee 
Wic energies due to tee velocities separately InThis cl 

1 « the square root of the product of 

tee doubled kinetic energies due to tee » velocities F, F 
taken separately. ''i » • • • ''« 

The more ^neraJ case may be reduced to this simpler case 
as Mows. The velocity F, may always be JSJZ 
composed of two velocities F^' and Tj", of whioh^F,' is of 
tee same nature m Fj , (it may be more or less in amount, or 
opposite m sign,) while F," satisfies the 
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kinetic energy due to and combined is the sum of the 
kmexic energies due to these velocities taken separately And 
the velocity may be regarded as compounded of three, 
Fg', Fg", Fg'", of which Fg' is of the same nature as F^ , Fg" 
of the same nature as Fg", while Fg'" satisfies the relations 
that if combined either with F^ or Fg" the kmetic energy of 
the combmed velocities is the sum of the kinetic energies of 
the velocities taken separately. When all the velocities 
, • F„ have been thus decomposed, the square root of the 

product of the doubled kinetic energies of the several velocities 
Fi, F ^"5 Fg'", etc., will be the value of the extension-m- 
velocity which is sought. 

This method of evaluation of theextension-in-velocity which 
we are considering is perhaps the most simple and natural, but 
the result may be expressed m a more symmetncal form. Let 
us write €ig for the kinetic energy of the velocities F^ and F^ 
combmed, diminished by the sum of the kmetic energies due 
to the same velocities taken separately. This may be called 
the mutual energy of the velocities F^ and Fg Let the 
mutual energy of every pair of the velocities F^, FJ» be 
expressed m the same way Analogy would make represent 
the energy of twice F^ dmumshed by twice the energy of F^ , 
i e , €ii would represent twice the energy of V \ , although the 
term mutual energy is hardly appropriate to this case At all 
events, let have this signification, and Cgg represent twice 
the energy of Fg , etc. The square root of the deter minant 

€ii . €ih 

€21 €22 • • 

• • • 

^n2 ^nn 

represents the value of the extension-m-velocity determmed as 
above described by the velocities F^ , . FJ, 

The statements of the preceding paragraph may be readily 
proved from the expression (157) on page 60, viz , 

^^dqi . dqn 

by which the notion of an element of extension-m-velocity was 
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ongmally defined. Since m this expression represents 
the determinant of which the general element is 

the square of the preceding expression represents the determi- 
nant of which the g^eneral element is 

Now we may regard the differentials of velocity d^, dhj as 
themselves infinitesimal velocities. Then the last expression 
represents the mutual energy of these velocities, and 



represents twice the energy due to the velocity dqt. 

The case which we have considered is an extension-m-veloc- 
ity of the simplest form. All extensions-m-velocity do not 
have this form, but all may be regarded as composed of 
elementary extensions of this form, in the same matiriAr as 
aU volumes may be regarded as composed of elementary 
parallelepipeds. 

Having thus a measure of extension-in-velocity founded, it 
vnU bo observed, on the dynamical notion of kinetic energy, 
and not involving an exphcit mention of cotSrdinates, we may 
denve from it a measure of extension-m-configuration by the 
principle connectmg these quantities which has been given in 
a preceding paragraph of this chapter. 

The measure of extension-in-phase may be obtained from 
that of extension-m-configfuration and of extension-m-velocity. 
For to every configuration m an extension-m-phase there will 
belong a certain extension-in-velocity, and the mtegral of the 
elements of extension-in-configuration withm any extension- 
in-phase multiphed each by its extension-in-velocily is the 
measure of the extension-m-phase. 


CHAPTER Vn. 


FARTHER DISCUSSION OF AVERAGES IN A CANONICAL 
ENSEMBLE OF SYSTEMS 

Rettjbnxng)' to tbe case of A canonical distnbution, "we have 
for the mdex of probabihty of configuration 

as appears on comparison of formulae (142) and (161) It 
follows immediately from (142) that the average value in the 
ensemble of any quantity u which depends on the configura- 
tion alone is given by the formula 

•U ^gr-fq 

U=:l jue ^ Ag^dqi dq^, (179) 


where the mtegrations cover all possible configurations. The 
value of IS evidently determmed by the equation 




e e =j Je . dq^. (180) 

oonfig 

By differentiatmg the last equation we may obtain results 
analogous to those obtained m Chapter IV from the equation 


i ^ all ^ 

® =J Je 


As the process is identical, it is sufficient to give the results * 

~~ ^idoh. — — etc., (18: 
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or. Since = (182) 

a™! (183) 

d*, = — ®d^, — JTxdai — Aida^ — etc (184) 


It appears from this equation that the differential relations 
subsisting between the average potential energy m an ensem- 
ble of systems canomcally distnbuted, the modulus of distri- 
bution, the average mdex of probability of configuration, taken 
negatively, and the average forces exerted on external bodies, 
are eqmvalent to those enunciated by Clausius for the potential 
energy of a body, its temperature, a quantity which he called 
the disgregation, and the forces exerted on external bodies.* 
For the index of probabdity of velocity, m the case of oa- 
nomcal distribution, we have by comparison of (144) and (168), 
or of (145) and (164), 



® 

(186) 

which gives 

’»'= ® ; 

(186) 

we have also 

^ ^ n ®, 

(187) 

and by (140), 

% — — log (2gr®). 

(188) 

From these eq^uatioiis we get by differentiation. 



1 

II 

(189) 

and 


(190) 


The differential relation expressed in tbis equation between 
the average kmetic energy, the modulus, and the average index 
of probahihly of velocity, taken negatively, is identical with 
that given by Clausius looi» citatia for the kinetic energy of a 
body, the temperature, and a quantity which he called the 
transformation-value of the kmetic energy f The relations 

« = + 7 = % + Vi> 

* -Ann , Bd CXVI, 8 78, (1862) , ibid , Bd CXXV, 8 868, (1866). 

Bee alfla Boltzmann, Sitzb der "VTiener Akad*, Bd. LXIII, 8 728, (1871). 
t Verwandlungawerth dea Wbrmeinhaltoa. 
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aie also identical mth those given by Clansins for the corre- 
sponding quantities. 

Equations (112) and (181) show that if or is known 
as function of 6 and Ci, a,, etc., we can obtain by differentia- 
tion e or and Ai, At, etc as functions of the same vana- 
bles. We have m fact 

7 = ^ — — @ ( 101 ) 

; = (192) 

The corresponding equation relating to kmetic energy, 

^ = — = (103) 

which may be obtained in the same way, may be verified by 
the known relations (186), (187), and (188) between the 
variables. We have also 


etc, so that the average values of the eitemal forces may be 
denved alike from or from 

The average values of the squares or higher powers of the 
energies (total, potential, or kmetic) may easily be obtained by 
repeated differentiations of ^Jrj, •^p, or e, with 

respect to 0. By equation (108) we have 


all 

=/ / 


ce ® dpi . . 


and differentiating with respect to 0, 

1 =/ 


whence, agam by (108), 

die ? — i^e 


J. 
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or 




1- c (\b — ® 

V d@J 


Combining this with (191), 


? = ■? + ®» 


d® 


( 


^ - ®^y 


®* 


dy 


In precisely the same way, from the equation 

. aU ^ 




(197) 


(198) 


(199) 


config 

we may obtam 

?' = '7 + e‘g=(*.-9t)-®-^ (200) 

In the same way also, if we confine ourselves to a particular 
configuration, from the equation 


=r/ 


€,e ® ApdEi...dp^ 


we obtain 


v«loc 


? = ? + e=g=(,,-efe)--e.a. 

which by (187) reduces to 


( 201 ) 

( 202 ) 


V* = (i «* + i n) ®®. (203) 

Since this value is independent of the configuration, we see 
that the average square of the kinetic energy for every configu- 
ration IS the same, and therefore the same as for the whole 
ensemble Hence ^ may be interpreted as the average either 
for any particular configuration, or for the whole ensemble. 
It wiU be observed that the value of this quantity is deter- 
mined entoly by the modulus and the number of degrees of 
freedom of the system, and is in other respects independent of 
the nature of the system 

Of especial importance are the anomalies of the energies, or 
their deviations from their average values. The average value 
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of these anomalies is of course zero The natural measure of 
such anomalies is the square root of theu average square Now 


identically Accordmgly 




In like manner, 


"® d@“ 




(204) 

(206) 

(206) 

(207) 


Hence 

= (*,-:,> + (s.-V“ (208) 


Equation (206) shows that the value of dej/d© can never be 
negative, and that the value of d/^yfr^/d^ or drj^/dS can never 
be positive.* 

To get an idea of the order of magnitude of these quantities, 
we may use the average kmetic energy as a term of comparison, 
tliiH quantity being independent of the arbitrary constant in- 
volved m the defimtion of the potential energy. Smce 


* In tlie case discussed in the note on page 64, m which the potential 
energj is a quadratic function of the q*a, and independent of the we 
should get for the potential eneigj 

and for the total energy 

(€—€)* = « ©*• 

We may also 'wnte in this case, 

(c g — 7g)» _2^ 

(tg — «o)® n 

(t — €a)^ n 


ENSEMBLE OF SYSTEMS 


73 


Cp =■ Jn@, 

(cp - _ g. 

r* ~n 


(e, - 6,)» _ 2 de^ 


(€ "" €}^ ____ 2 0^6 __ 2^2 c[€f^ 

n'^~n 


(209) 

( 210 ) 
( 211 ) 


These equations show that when the number of degrees of 
freedom of the systems is very great, the mean squares of the 
anomalies of the energies (total, potential, and kmetic) are very 
smalL m comparison with the mean square of the kinetic 
energy, unless mdeed the differential coefficient dejdep is 
of the same order of magmtude as to. Such values of deJdSp 
can only occur within mtervals (ip" — ip') which are of the or- 
der of magmtude of n~\ unless it be m cases m which i, is m 
general of an order of magnitude higher than ip Postpomng 
for the moment the consideration of such cases, it will be in- 
terestmg to exanune more closely the case of large values of 
dejdcp withm narrow limits. Let us suppose that for and 
ip" the value of di, /dip is of the order of magmtude of umty, 
but between these values of ip very great values of the differ- 
ential coefficient occur. Then in the ensemble having modulus 
0" and average energies ip" and i/, values of e, sensibly greater 
than ij" will be so rare that we may call them practically neg- 
ligible. They wiU be stiU more rare in an ensemble of less 
modulus. For if we differentiate the equation 



regardmg e, as constant, but 0 and therefore as variable, 
we get 

Vd® j., ® d® ®* ’ 

whence by (192) 



( 213 ) 
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That 18, a diminution of the modulus "wiU dimmish the proba* 
bihty of all configurations for which the potential energy exceeds 
its average value in the ensemble Again, m the ensemble 
havmg modulus 0 ' and average energies ej and ej, values of 
Cj sensibly less than e,' wiH be so rare as to be practically neg- 
hgible They will be still more rare m an ensemble of greater 
modulus, smce by the same equation an increase of the 
modulus will dimimsh the probability of configurations for 
which the potential energy is less than its average value in 
the ensemble. Therefore, for values of 0 between ©' and 0 ", 
and of e, between e,' and the mdividual values of will 
be practically limited to the mterval between and eg" 

In the cases which remain to be considered, viz , when 
dejd e, has very large values not confined to narrow limits, 
and consequentiy the differences of the mean potential ener- 
gies m ensembles of different moduh are in general very large 
compared with the differences of the mean kmetio energies, it 
appears by ( 210 ) that the anomalies of mean square of poten- 
tial energy, if not small m comparison with the mean kmetio 
energy, will yet in general be very small m comparison with 
differences of mean potential energy m ensembles having 
moderate differences of mean kinetic energy, — the exceptions 
being of the same character as described for the case when 
d\/dep IS not m general large 

It follows that to human experience and observation with 
respect to such an ensemble as we are considering, or with 
respect to systems which may be regarded as taken at random 
from such an ensemble, when the number of degrees of free- 
dom IS of such order of magmtude as the number of molecules 
m the bodies subject to our observation and expenmont, e— «, 
6 , — ep, tg — eg would be m general vamshmg quantities, 
smce such expenence would not be wide enough to embrace 
the more considerable divergencies from the mean values, and 
such observation not nice enough to distinguish the ordinary 
divergencies In other words, such ensembles would appear 
to human observation as ensembles of systems of uniform 
energy, and m which the potential and kinetic energies (sup- 
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posing that there were means of measnrmg these quantities 
separately) had each separately xmiform values.* Exceptions 
nught occur when for particular values of the modulus the 
differential coefficient takes a very large value. To 

human observation the effect would be, that in ensembles in 
which @ and had certain critical values, would be m- 
detemunate withm certain limits, viz., the values which would 
correspond to values of 0 and slightly less and shghtly 
greater than the critical values Such mdeterminateness coi> 
responds precisely to what we observe in experiments on the 
bodies which nature presents to us-t 
To obtam general formulae for the average values of powers 
of the energies, we may proceed as follows. If A is any posi- 
tive whole number, we have identieally 


•u « 

phftiei 

all c 

phMea 

•d?., (214) 

i e., by (108), 


(216) 

Hence 


(216) 

and 

-a*!®’ 

II 

(217) 


* This implies that the hiuetic and potential energies of individnal systems 
would each separately hare values sensibly constant in time 

t As an example, we may take a system consisting of a fluid in a cylinder 
under a weighted piston, with a vacuum between the piston and the top of 
the cylinder, which is closed The weighted piston is to be regarded as a 
part of the system (This is formally necessary in order to satisfy the con- 
dition of the invariahihty of the external coordinates ) It is evident that at 
a certam temperature, via; , when the pressure of saturated vapor balances 
the weight of the piston, there is an indeterminateness in the Values of the 
potential and total energies as functions of the temperature* 
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For A = 1, this gives 



(218) 

which agrees with (191) 

From (216) we have also 



(219) 

/ /7 \ 


?=(5 + ®‘^) ' 

(220) 


Tn Lke manner from the identical equation 


•11 

I /-■• 


^n, 


oonflg 

(221) 

we get 

'*'« / j\h 

(222) 



(223) 

and 

67=U4-®»^) 


With respect to the kmetic energy similar equations mil 
hold for averages taken for any particulax configuration, or 
for the whole ensemble But smce 




the equation 




( 224 ) 


reduces to 
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We have therefoie 



(226) 


(227) 


*(228) 

The average values of the powers of the anomalies of the 
energies are perhaps most easily found as follows We have 
identically, since e is a function of ®, whole e is a function of 
the j^’s and g’s, 

au e 

d®S ‘ 'f — 

phaaes 


all ^ 

phases 

.dq, (229) 

i. e , by (108), 



e ® (230) 


• In the caee discussed in the note on page 64 we may easily get 
(**-««)* = (*e - •<. + 0“^) K- 


which, with 


€g; — €o = 5 0, 


(*« -**)*= (I ® + - ««)*-* = i(i® + e“A)* 

Hence (e® - ««)^ = ^ 

Agam (•-•a)* =(;-««+ "(t - 


which with 


€ — «a = n 0 


(e - «o)* = e + (* - «o)»-» = n e + 0“^)*~'®i 




hence 
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or smoe by (218) 

j -i i 

(e-e)^^ = &^(e- 6)* + A (e - i)*-^ ®* ^ (231) 

In precisely the same way we may obtam for the potential 
energy 

(«, - = ®* ^ («, - ^)* + ^ (e, - <232) 

By successiTe applicatioiis of (231} we obtam 
(e — e)* = De 
(c — «)* — 

(e-e)* = XCi + 3 (Di)* 

(e — ?)* = jD'^i + 10 2)ei)*i 

(e - i)» = 2)‘i + 162)€Z)»i + 10(2)*i)* + 15 (De)* etc 

where 2) represents the operator Q^d/dS. Smular expres- 
sions relating to the potential energy may be derived from 
(232) 

For the kmetic energy we may wnte similar equations in 
which the averages may be taken either for a smgle configura- 
tion or for the whole ensemble. But smce 

dep _ n 
d® ~ 2 

the general formula reduces to 

- ^)«-i = ^ (^ - ip)* + in A®* (ep - -ep)*-^ (283) 

or 

(ep — _ 2® d (ep — ^)* ^ 2 (ep - ep)* , 2 A (ep — 

-nd@ ep» ip* 


( 234 ) 
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But smce identicallj 




(e — ef_ 


0 , 


the value of the coiresponding expression for anj index •will 
be independent of 0 and the formula reduces to 




we have theiefoie 








etc.* 


It will be observed that when or i is given as funotion of 
0, all averages of the form or — €)* are thereby deter- 

* In the case discussed in the preceding foot-notes we get easily 


(«« - «?)* = («p — ip)*. 


and 


^ •p ^ 


For the total energy we hare in this case 


/ € — 6 ^ / t — € \ * A ^ f — f \**i 

V7-.J ”«VT-f«/ A7-fa/ 

Vi- J -i Vi- J 

(7Ely=2 

\f — «a/ 
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mmed. So also if or \ is given as funct on o 
aveiages of the form or (e, — ij)* are determined. 

i, = € — 

Therefore if any one of the quantities «« i 

as function of and n is also known, all averages o 
the forms mentioned are thereby determined as func 
the same variable. In any case all averages of the foi 




are known in terms of n alone, and have the san 
whether taken for the whole ensemble or limited 
particular configuration. 

If we differentiate the equation 


all 

/ / 

phaeee 




dpi 


dq^ = l 


With respect to and multiply by 0, we have 

Differentiatmg agam, with respect to with respe< 
and with respect to we have 


doi^ doi 

1/ # 
®\dai 


d^ 

dh 1 

/ dxj/ de \ ^ dif; d€ ^ 

dcbi J dcz^ 

dQf\ do 2 

doi\ d/(z>2 © 



izi 

e ® .<%, = ' 

■ . 

jLaxd% 

\dai ddi^ 

Kfldi]/ 1^— e\~| 

)\®d® 0® /J 



tfi—t 

e ® djpi <*?, = ' 
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The multiple integrals m the last four equations lepxesent the 
average values of the expressions m the hrackets^ which we 
may therefore set equal to zero< The first gives 

dtb 3e _ 

^ = ^ = (241) 

as already obtained. With this relation and (191) we get 
from the other equations 






\ dci^ dcL^ j 




\<*»1 

dai 


(243) 


. i) = _ = _ 

doid® < 2 ® 


I ^ 

5^* 


(A-^i)(e 

We may add for comparison equation (205), which nught be 
derived from (236) by differentiating twice -with respect to 0 ; 

(€-i)* = - ®»^ = &»£.. 

^ d&‘ d® 

The two last equations give 

dA-. 

(246) 


(244) 


(A,-A,)(e~e)=^(e-i)». 

de 


Iff oriis Imown as function of 0, etc., (TT^amay 
be obtained by differen^tion as function of the same variables. 
And if f , or or -q is known as function of 0, a^, etc., 
(Ai-Ai) (« -e) may be obtained by differentiation. But 
(Ai - and (Ai - 2{) (Aj - cannot be obtained m any 
similM manner. We have seen that (e-i)a is in general a 
vam^g quantity for very great values of n, which we may 
regard a s contamed imphci tly in 0 as a divisor The same is 

true of (Ai - (t - j) i t does not appear th at we can 
assert the same of (A, - or (A, ~ since 
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d^€jda^ may be very great The qxiantities and d^jda^^ 

belong to the class called elasticities. The former expression 
represents an elasticity measured undei the condition that 
while aj IS yaned the mtemal coordinates ji, . 2« all remain 

fixed The latter is an elasticity measured under the condi- 
tion that when is yaned the ensemble remains canonically 
distributed withm the same modulus. This corresponds to 
an elasticity m physics measured under the condition of con- 
stant temperature. It is evident that the former is greater 
than the latter, and it may be enormously greater. 

The diyergences of the force from its ayerage yalue are 
due m part to the differences of energy m the systems of the 
ensemble, and in part to the differences m the yalue of 
the forces which exist m systems of the same energy. If we 


write 2^ for the ayerage yalue of A^ m systems of the 
ensemble which haye any same energy, it will be determined 
by the equation 


^1« — 


I /- 


* V 
■? — 6 ” 
doi 


dpx 


/ 


( 246 ) 


dqn 


where the limits of mtegration m both multiple integrals are 
two values of the energy which differ infimitely httle, say e and 

€ + de. This will make the factor e ® constant within the 
limits of mtegration, and it may be cancelled in the numerar 
tor and denominator, leaving 




J Jdpi dq. 


( 247 ) 


where the mtegrals as before are to be taken between c and 
e + d€ IS therefore mdependent of 0, bemg a function 
of the energy and the external cobrdinates. 
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Now we have identicallj 

A-I^ = {A^ - 2n,) + can, - 

where - 3], denotes the excess of the force (tending to 
mcrease a,) exerted by any system above the average Slich 
forces for systems of the same energy. Accordingly, 

+ 2(A-An.)(3n,-3o + 

But the a^i^e v^ue of (A, - 3^.) (31]. - 3,) for systems 
of ^e ensemble which have the same energy is zero, smee for 
such systems the second factor is constant. Therefore the 
average for the whole ensemble is zero, and 

(Ai - (248) 

In the same way it may be shown that 


(Ai 3i) (e — ^ — (3^ _ j-j) (g _ 

It IS evident that m ensembles in which the anomahes of 
energy e — e may be regarded as insensible the aamg •*nll be 
true of the quantities represented by 3^\, —J . 

T^e properties of quantities of the form 371 will be 
farther considered m Chapter X, which will be devoted to 
ensembles of constant energy. 

It may not be without mterest to consider some general 
formulae relatmg to averages m a canomcal ensemble, which 

emb^e many of the results which have been given m this 
onapter. 

Let « be my function of the mtemal and external cobrdi- 
nates with the momenta and modulus. We have by defimtion 

•“ tl! 

«e * . 




plua«i 




( 260 ) 


If we differentiate with respect to 0, we have 


‘Kt /• *“ C/dnt 


U 
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du __ ^ u(\lf ^ e) ii 

Settmg = 1 m this equation, we get 

dij/ ^ — 6 

d ® "" ® 


and substituting this value, we have 

du _3u U€ 
d® d® 


lie 


( 261 ) 


^ ^ ~ ^ 

If we differentiate equation (260) with respect to a (which 
may represent any of the external coordinates), and write A 

for the force — ^ g®t 


du ^ r rf du u ^ u 

5a ” J J \da ^ ® da ^® ) 

phMM 



. . dq 


A 


or 


dii _ ^ u dif/ u A 
da~ da“^ ® da"^ ® 


Setting ii = 1 in this equation, we get 


dij/ 

da 


-X 


(263) 


Substituting this value, we have 


du Wu u3 uA 
da"^ da ^ ® ® 


(264) 


or 0^ — ®^ = tO — tijTss (ti — u)(u4— 'if)* (266) 

Repeated apphcations of the principles expressed by equa- 
tions (262) and (266) are perhaps best made m the partioular 
cases. Yet we may write (262) m this form 
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(e + 2)) (« — «) = 0, 

(266) 

where D represents the operator 0® d/d^. 

Hence 


(e + D)* — ii) = 0, 

(267) 

where h IS any positive whole number. It will be observed, 
that smce e is not function of 0, (e + i>)* may be expanded by 
the bmomial theorem. Or, we may write 

(e + 2*) M = (e + D) u. 

(268) 

whence (e + 2>)* w = (e + 2>)* u 

(269) 


But the operator (e + 2))*, although in some respects more 
simple than the operator without the average sign on the e, 
cannot be expanded by the binomial theorem, smce e is a 
function of @ with the external eobrdinates. 

So from equation (254) we have 



(¥ + ^) («-“) = 0, 

(260) 

whence 

fA d 

(«-w)=0; 

(261) 

and 


(262) 

whence 


(263) 

The bmom^ theorem cannot be applied to these operators. 

^m, if we now distinguish, as usual, the several external 
eobrdinates by _suf&xes, we may apply successively to the 
expression u u any or all of the operators 

e + ®*4r, 

d® 


(264) 



86 AVERAGES IN A CANONICAL ENSEMBLE 


as many times as we choose, and m any older, the average 
value of the result vnll be zero. Or, if we apply the same 
operators to u, and finally take the average value, it will be the 
same as the value obtamed by writing the sign of average 
separately as u, and go. e, A-^, A^, etc., in all the operators. 

If w IS mdependent of ^e momenta, formulae similar to 
the precedmg, but havmg e, m place of e, may be denved 
from equation (179). 



CHAPTER Vni. 


OIT CERTAIN IMPORTANT FUNCTIONS OP THE 
ENERGIES OF A SYSTEM 

In order to consider more particularly the distnbution of a 
canonical ensemble in energy, and for other purposes, it will 
be convement to use the foUowing defimtions and notations. 

Let us denote by V the extension-in-phase below a certain 
lumt of energy which we shall call e. That is, let 


-/ 


dq, 


ni 


( 265 ) 

the mtegmtion being extended (with constant T^lues of the 
external cobrdinates) over aU phases for which the enerev is 
less th^ the limit e. We shall suppose that the value of tiiis 
mtegral is not infimte, except for an infinite value of the hm- 

^ exclude any kind of system to 
which the canomcal distnbution is applicable. For if 


/ ■/ 


e . dg^n 

^ repre- 


^S' ' 




^en Wow a limiting value of e, and with the e before the 
sign reprewnting that limiting value, will also be 
finite. Therefore the value of T, which differs only bv a 
^nstant factor, wiU also be finite, for finite «. It is a fimo- 
tion of e and the external codrdinates, a continuous increasing 

dhtributlon. See 



88 


CERTAIN IMPORTANT FUNCTIONS 


functioii of 6, which becomes infimte with €, and vanishes 
for the smallest possible value of e, or for if fli® 

energy may be dimimshed without limit 
Let us also set 

^ = l0g^ (266) 


The extension m phase between any two limits of energy, e' 
and e", will be represented by the integral 



(267) 


And m general, we may substitute de for dp^ - dq^ m a 
2w-fold mtegral, reducmg it to a simple integral, whenever 
the limits can be expressed by the energy alone, and the other 
factor under the mtegral sign is a function of the energy alone, 
or with quantities which are constant m the integration 
In particular we observe that the probability that the energy 
of an unspecified system of a canonical ensemble lies between 
the hmits e and e" wiU be represented by the mtegral * 



and that the average value m the ensemble of any quantity 
which only vanes with the energy is given by the equation f 


30 

ue ^ de, (269) 

^=0 

where we may regard the constant as determined by the 
equation J 

— r p — 1 + A 

6 ® =J e ® de, (270) 

r=o 

In regard to the lower limit m these mtegrals, it will be ob- 
served that F = 0 IS equivalent to the condition that the 
value of e is the least possible 

* Compare equation (93) t Compare equation (108) 

t Compare equation (92) 
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la like manner, let us denote by the extension-in-configu- 
ration below a certain lumt of potential energy which we mav 
call eg That is, let ^ 


^ 


(271) 

the integrahon being extended (with constant values of the 
external coordinates) over all configurations for which the 
pol^taal energy is less than 6, F, wiU be a function of e 
with the external coordinates, an increasing function of e “ 
which does not become infinite (in such cases as we shall coni 
sider*) for any finite value of It vanishes for the least 
possible value of or for if e, can be diminished 

mthout hnut It is not always a contmuous function of e 
In fact, if there is a finite extension-in-configuration of con- 
stant potential energy, the corresponding value of F will 
not mclude that extension-in-configuration, but if e be in- 
creased infinitesimally, the corresponding value of V will be 
increased by that finite extension-in-configuration. ^ 

Let us also set 

^, = log— « 

The extension-m-configuration between any two limits of 
potential energy e/ and e/' may be represented by the mtegral 


r 




(273) 

whenever there is no discontinuity in the value of V as 
function of e, between or at those hmits, that is, when- 
ever ^ere is no finite extension-in-configuration of constant 
poten^ energy between or at the limits. And m general, 
with the restnction mentioned, we may substitute e^«d«,for 
• • dq^ m an m-fold integral, reducing it to a simple 

mte^L when the hunts are expressed by the potential energy, 
and the other factor under the integral sign is a function^of 
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the potential energy, either alone or with quantities which are 
constant in the integration 

We may often avoid the mconvemence occasioned by for- 
mulae becommg illusory on account of discontinuities in the 
values of Vg as function of €g by substituting for the given 
discontmuous function a continuous function which, is practi- 
cally eqmvalent to the given function for the purposes of the 
evaluations desired It only requires mfinitesimal changes of 
potential energy to destroy the fimte extensions-in-configura- 
tion of constant potential energy which are the cause of the 
difBlculty. 

In the case of an ensemble of systems canomcally distributed 
m coniSguration, when Vg is, or may be regarded as, a contmu- 
ous function of €g (withm the limits considered), the proba- 
bihty that the potential energy of an unspecified system hes 
between the limits c/ and e/' is given by the mtegral 




( 274 ) 


where may be determined by the condition that the value of 
the mtegral is unity, when the limits mclude all possible 
values of €g> In the same case, the average value m the en- 
semble of any function of the potential energy is given by the 
equation 




*»=® fc!* . ^ 

0 




F,= 0 


( 275 ) 


When Vg is not a contmuous function of Cg, we may write d Vg 
for e^^dcg m these formulae. 

In like manner also, for any given configuration, let us 
denote by Vj, the extenmon-m-velocity below a certaan hmit of 
kinetic energy specified by e. That is, let 
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the mtegiation being extended, ivith constant values of the 
coordinates, both internal and external, over aU values of the 
momenta for which the kmetic energy is less than the hnut e, 
17111 evidently be a contmuous increasing function of 
which vanishes and becomes infimte with e,. Let us set 

( 277 ) 

The extension-in-velocity between any two limits of kinetic 
energy e/ and e," may be represented by the mtegral 

J (278) 

€p' 

And m general, we may substitute for A,» dp^ . . . dp^ 

or Aj* dq^. . . dq„ m an w-fold integral in which the coordi- 
nates are constant, reducing it to a simple mtegral, when the 
hmits are expressed by the kmetic energy, and the other factor 
tmder the mtegral sign is a function of the kmetic energy, 
either alone or with quantities which are constant m the 
mtegratLon. 

It w easy to express and m terms of e, Smce A, is 
function of the codrdmates alone, we have by defimtion 

S (279) 
the limits of the mtegral bemg given by That is, if 

ep = Fipi, p„), (280) 

the limits of the mtegral for e, = 1, are given by the equation 

( 281 ) 

and the limits of the mtegral for = a®, are given by the 
equation 

^(Pi* .J>n) = a*. (282) 

But smce F represents a quadratic function, this equation 
may be wntten 


f(^, ^ 2 ) = 1 

\a a) 


( 283 ) 
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The value of Vp may also be put m the form 

Now we may detemune Vp for €, = 1 from (279) where the 
limits are expressed by (281), and Vp for = cfi from (284) 
tnlring the limits from (283) The two mtegrals thus deter- 
mined are evidently identical, and we have 

(285) 

n 

i. e , Fp vanes as e* We may therefore set 

( 286 ) 


where (7 is a constant, at least for fixed values of the mtemal 
coordinates 

To determine this constant, let us consider the case of a 
canomcal distribution, for which we have 




= 1 , 


where 




(27r@) 


Substituting this value, and that of from (286), we get 

H 


® d€p = (2 TT©)^ , 


2 Jo \®/ \®J ^ 



C = 


n 

(22r)^ 
r(in + l) 


(287) 


Havmg thus determined the value of the constant 0, we may 
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substitute it m the geueiaJ. expressions (286), and obtain the 
following values, which are perfectly general : 




(288) 


e^p 


n n 

r(i«) 


*(289) 


It will be observed that the values of and for any 
given €p are independent of the configuration, and even of the 
nature of the system considered, except with respect to its 
number of degrees of freedom. 

Returning to the canonical ensemble, we may express the 
probability that the kinetic energy of a system of a given 
configuration, but otherwise unspecified, falls within given 
limits, by either member of the foUowmg equation 


/■ 




Hp 




(290) 


2-1 


Since this value is mdependent of the cobrdmates it also 
represents the probability that the kinetic energy of an 
unspecified system of a canomcal ensemble falls within the 
hmits. The form of the last mtegral also shows that the prob- 
ability that the ratio of the kinetic energy to the modulus 


* Very similar values for Vq^ V, and may be found m the same 
way in the case discussed in the precedmg foot-notes (see pages M, 72, 77, and 
70), m which cg is a quadratic function of the g^s, and independent of the g's. 
In this case we have 



(2ir)S(cq-«o)g 

r(in + i) ' 
r(i») 

r(» + l) ’ 

(2*)'*(t — 

r(n) 
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falls withiii given limits is independent also of the value of 
the modulus, bemg determined entirely by the number of 
degrees of freedom of the system and the limiting values 
of the ratio 

The average value of any function of the kinetic energy, 
either for the whole ensemble, or for any particular configura- 
tion, 18 given by 


Thus: 


1 

— J« “ 




de. 


"(291) 


— _ r(m + in) 

^ - T(in) 


if m + > 0 , t(292) 


F,= 


Tin) 


'-r(in + i)r(j») 


(2ir®)^, 


(293) 


* The corresponding equation for the arerage value of any function of 
the potential energy, when this is a quadratic function of the q% and is 
independent of the q% is 

- g e (g ^ y* ^ 

e5r(i 

la the same case, the average value of any function of the (total) energy is 
given hy the equation 


Hence in this case 




a m + l«>0 

(• — «a)“ = ®-> m + n > 0 

»~*trg = e~* r=B, 


^ = 1 if 

e' “ 


and 


1 


n >2, 


n > 1 


If n = 1, = 2 V and d<pfd€ = 0 for any value of c If n = 2, the case is 

the same with respect to i>q 

t This equation has already been proved for positive mtegral powers of 
the hmetic energy See page 77 
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\ If «>1; (294) 


d4)p _ ^ 
dep ~~ ® ’ 


n > 2j 




If n. = 2, €*' = 2 IT, and d^p/de, = 0, for any value of e. 
The definitioiis of FJ and Vp give 


•=//■ 


dT^dFg 


(296) 

(296) 

(297) 


where the integrations cover all phases for which the energy 
IS less than the limit e, for which the value of Fis sought. 
This gives 

F= / TJdF,, (298) 


and 


r,=o 




rg=0 


(299) 


where FJ, and are connected with by the equation 

€p + €a = constant = e. (300) 

If u > 2, yanishes at the upper limit, t. e., for ^ =; 0, and 
we get by another differentiatLon 


We may also write 


rfl=o 



(301) 

1=0 


=f 


0 

(302) 


(303) 


96 


CERTAIN IMPORTANT FUNCTIONS 


etc , when is a continuous function of commencing with 
the value = 0, or when we choose to attribute to F^ a 
fictitious contmuity commencing with the value zero, as de- 
scnbed on page 90. 

If we substitute m these equations the values of Vp and 
which we have found, we get 



(304) 


T ' ' 


€g — € 


(I) 




dVr 




Ffl=0 


(306) 


where may be substitated for dV^m the cases above 

descnbed If, therefore, n is known, and as function of 
V and may be found by quadratures. 

It appears from these equations that V is always a continu- 
ous mcreasmg function of e, commencmg with the value V = 
0, even when this is not the case with respect to and 
The same is true of when n > 2, or when w = 2 if m- 
creases contmuously with from the value = 0 
The last equation may be derived from the preceding by 
differentiation with respect to e Successive differentiations 
give, if A < J w + 1, 


dJ^Y ^ A 




( 2 , 


€« = « 




r(in + 






dV, (306) 


F ,=0 


d^Vjd^ IS therefore positive if A < J n H- 1 It is an in- 
creasmg fimction of €, if A < If e is not capable of 
being dimimshed without hmit, vanishes for the 

least possible value of c, if A < Jn. 

If n IS even, 


d^r 
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That is, V. is the same function of e„ as ~ — ^ of e 

( 2 w )2 d€« 

When n is large, approximate formulae will be more avail- 
able. It will be sufficient to indicate the method proposed, 
without precise discussion of the limits of its applicability or 
of the degree of its approximation. For the value of cor- 
responding to any given e, we have 


e* 


Vj=0 0 


(308) 


where the variables are coimected by the equation (300). 
The m.aximum value of + </>* is therefore characterized by 
the equation 


d€p ~ 


(309) 


The values of. e, and e, determined by this maximum we ahall 
distinguish by accents, and mark the corresponding values of 
functions of e^, and in the same way. Now we have by 
Taylor’s theorem ^ 


<^P = 


-V) + 



:^^'>Vetc. 

4 

(310) 

</•* = 

*' * (S’) '*- 

~ ®a0 + ( 

^de-J 


— — 1- etc. 

(311) 

If the 

approximation 

is sufficient without 

goiner beyond the 

quadratic terms, since 

by (300) 







-ep'=- 


V), 



we may write 








+«r/'''v,v./ 


l(eg— 




- 

^ ^ de„ 

(312) 


where the limits have been made ± oo for analytical simplicity. 
This is allowable when the quantity in the square brackets 
has a very large negative value, since the part of the integral 
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corresponding to other than very small values of e, - ej may 
be regarded as a vanishing quantity 
This gives 

* A'+*/ r 

[WJ^ 

or 

♦= v+ [- (^y - @y] <’“> 

From this equation, with (289), (300) and (309), we may 
determine the value of <f> corresponding to any given value of 
e, when is known as function of e, 

' Any two systems may be regarded as together formmg a 
thud system If we have F or ^ given as function of e for 
any two systems, we may express by quadratures F and <#> for 
the system formed by combinmg the two If we distinguish 
by the sufBxes ( )i, ( ) 2 , ( )i 2 quantities relatmg to 
the three systems, we have easily from the defimtions of these 
quantities 


df V\d Fi<iFa 



e*“ e^dFi = 

where the double integral is to be taken within the limit s 
Fi = 0, F = 0, and Ci + = e^, 

and the variables m the single integrals are connected by the 
last of these equations, while the limits are given by the first 
two, which characterize the least possible values of and Cj 
respectively 

It vnU be observed that these equations are identical m. 
form with those by which F and ^ are derived from Vp or <f>p 
and Vg or except that they do not admit in the general 
case those transformations which result from substituting for 
or ^ the particular functions which these symbols always 
represent. 


V‘dF, 




OF THE ENERGIES OF A SYSTEM 99 

Sianilar fomulae may be used to denve or <f>j for the 
compound system, when one of these quantities is known 
as function of the potential energy m each of the systems 
combined. 

The operation represented by such an equation as 
e — I e e dsi 

IS identical with one of the fundamental operations of the 
theory of errors, viz., that of finding the probabihiy of an error 
from the probabilities of partial errors of which it is made up 
It admits a simple geometrical illustration. ^ 

We may take a horizontal line as an axis of abscissas, and lay 
off ^ as an abscissa measured to the right of any origin, and 
erect as a corresponding ordinate, thus determining a certain 
curve. Again, takmg a different ongm, we may lay off e* as 
abscissas measured to the left, and determine a second curve by 
erecting the ordinates e0». We may suppose the distance be- 
tween the origins to be the second ongin bemg to the right 
if ej, IS positive. We may determme a third curve by erecting 
at every pomt m the line (between the least values of a and e») 
an ordinate which represents the product of the two ordmates 
belonging to the curves already described. The area between 
this third curve and the axis of abscissas will represent the value 
of e To get the value of this quantily for varying values 
of cja, we may suppose the first two curves to be ngidly con- 
structed, and to be capable of being moved independently. We 
may mcrease or dimmish by moving one of these curves to 
the right or left. The third curve must be constructed anew 
for each different value of 


CHAPTER IX. 

THE FUNCTION ^ AND THE CANONICAL DISTRIBUTION 

In’ this chapter "we shall return 'to 'the consideration of 'the 
canonical distnbution, in order to investigate those properties 
which are especially related to the function of the energy 
which we have deno'ted by 

If we denote by JV, as usual, the total number of systems 
m the ensemble, 

JVe ® "^*^6 

will represent 'the number having energies between the limits 
e and e + de The expression 

( 317 ) 

represents what may be called the density-vnrenergy This 
vanishes for e = oo, for otherwise the necessary equation 

« = 0D € 

J d6=.l ( 318 ) 

couM not be fulfilled. For the same reason the density-in- 
energy 'will vamsh for e — ~ oo, if 'that is a possible value of 
the energy. Generally, however, the least possible value of 
the energy wdl be a fimte value, for which, if « > 2, e* ■will 
vanish,* and therefore the density-m-energy Now the density- 
m-energy is necessarily positive, and smce it vanishes for 
extreme values of the energy if ro > 2, it must have a maxi- 
mum m such cases, m which the energy may be said to have 


* See page 90 
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Its most common or most probable value, and which is 
deteimmed by the equation 

1 

d€~®' (319) 

This value of is also, when « > 2, its average value 
m the ensemble. For we have identically, by mtegration by 
parts, ^ 


C d 4> e j r ^+^1 1 p 

J+i/ 

V=~(\ tr—A 




c = ao «L--e 

e ® de. 


>^=0 r=o 


(320) 


If n > 2, the expression m the brackets, which multiphed by N 
would represent the density-m-energy, vanishes at the limits 
and we have by (269) and (318) 

d<fi 1 

~ ®' (321) 


It appears, therefore, that for systems of more than two degrees 
of freedom, the average value of d^jde in an ensemble canoni- 
caUy distnbuted is identical with the value of the same differ- 
ential coefficient as calculated for the most common energy 
in the ensemble, both values being reciprocals of the modulus. 

Hitherto, m our consideration of the quantities V, Vg, F", 

4>in ■w® have regarded the external cohrdinates as constot 
It IS evident, however, from their definitions that P"and <f> are 
m general functions of the external coordinates and the energy 
(e), that Vg and are m general functions of the external 
coordinates and the potential energy (e,) and <f>, we have 
found to be functions of the kmetic energy (^) alone. In the 
equation 

^ f r:oo g 

e = / « * *» (322) 

r=o 

by which f may be determined, 0 and the external coordinates 
(contained implicitly in are constant in the integration. 
The equation shows that Vr is a function of these constants 
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If iiheir "valties are varied, vre shall have differentiatioii, if 

» > 2 , 

F=0 

+ doi ® * ^de + dotj * ^ « * de + etc. (323) 

F=0 v=o 

(Since e* vanishes mth V, when n > 2, there are no terms due 
to the variations of the limits.) Hence by (269) 


^+€ - 

OT, smce = 17 , 

(326) 

^ d@ - ® doi - ® ^ <foa - 

etc. (326) 

Comparing this with (112), we get 


3 ^ _ 3i 35 _ 3i 

dai~ ®’ dat~ ®’ 

(327) 

The first of these equations might be wntten* 


\dai)t^a \deja \d<h/<hq 

(328) 

but must not be confounded with the equation 


\dai)f,a \d€/a \d<lj^^a 

(329) 

which IS derived immediately from the identity 


\dai/€,a \d^ )a 

(330) 

* See equations (321) and (lOi) SufSxes are here added to the differential 
coefficients; to mahe the meaning perfectly distinct^ although the same quan- 
tities may he wntten elsewhere without the suffixes, when it is heheved that 
there is no danger of misapprehension The suffixes mdicate the quantities 
which are constant m the differentiation, the smgle letter a standing for aU 


the letters ai, Of, etc , or all except the one which is explicitly yaned. 
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MoreoTer, if we elumnate from (326) the equation 

dij/ = @drj + ijd® + de, (SSI) 

obtained by differentiating (325), we get 

(382) 

or by (321), 

j- 3 ? . 33 " 

(333) 


+ etc 


88 a 

Except for the signs of aTerage, the second member of this 
equation is the same as that of the identity 


d^ - ^de + ^da, + + etc. 


(334) 


For the more precise comparison of these equations, we mav 
suppose that the energy in the last equation is some defimte 
and fairly representative energy m the ensemble. For this 
purpose we might choose the average energy. It will per- 
haps be more convenient to choose the most common enerey, 

which we shall denote by V The same su£6x will be appS 

to functions of the energy detenmned for this value. Our 
identity then becomes 


It has been sho^ that 

1 

d€ ^ 0’ (336) 


when n > 2. Moreover, since the external cottrdmates have 
throughout the ensemble, the values of 
#/dai, dil>/da,, etc. vary in the ensemble only on account 
of the vanatmns of the energy (e), which, as we have seen, 
inay be regarded as sensibly constant throughout the en- 
semWe, when n is very great. In this case, therefore, we may 
regard the average values ^ 


5 ^' 
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as practically equivalent to the values relating to the most 
common eneigy 



etc. 


In this case also de is practically equivalent to We have 
therefore, for very large values of ti, 

^ drj =i ( 337 ) 


approximately. That is, except for an additive constant, — tj 
may be regarded as practically equivalent to <^q, when the 
number of degrees of freedom of the system is very great 
It IS not meant by this that the variable part of ^ is 
numerically of a lower order of magnitude than unity For 
when n is very great, — ^ and are very great, and we can 
only conclude that the variable part of ^ msigmfi- 

cant compared with the variable part of ^ or of taken 
separately 

Now we have already noticed a certain correspondence 
between the quantities @ and^ and those which in thermo- 
dynamics are called temperature and entropy The property 
]ust demonstrated, with those expressed by equation (386), 
therefore suggests that the quantities <}> and may also 

correspond to the thermodynamic notions of entropy and tem- 
perature We leave the discussion of this point to a sub- 
sequent chapter, and only mention it here to justify the 
somewhat detailed mvestigation of the relations of these 
quantities 

We may get a clearer view of the limiting form of the 
relations when the number of degrees of freedom is mdefi- 
mtely mcreased, if we expand the function ^ m a senes 
arranged according to ascendmg powers of e — This ex- 
pansion may be vmtten 


^ + 




(^- 66 )« 

IL 


+ etc. 
( 338 ) 


Adding the identical equation 


THE CANONICAL DISTRIBUTION. 
'1' — ^ _'l' — eo e — 6o 


105 


get by (336) 


0 


'f' — e 


STibstiinitiii^ tiTiia vftlti6 in ^ 

/■ 

6 ' 

wbcb expresses the probabJity that the energy of an unspeci- 

fied system of the ensemble hes between the Inmts ^ and e" 
we get ’ 


*" *-e 




-f- etc 


* (340) 

«' 

When the number of degrees of freedom is very great, and 

e - €,in consequence very small, we may neglect the hieher 
powers and write* ® 


^ e 




7 * 2 


fo)* 


ck 


(341) 


Tto shows that for a very great number of degrees of 
freedom the probability of deviations of energy from the most 
probable value (e,,) approaches the form expressed by the 
law of errors ’ With this approximate law, we get 

expansion in series of an exponential func- 
tion There would be no especial analytical difficulty in taking account of 
a moderate number of terms of such a series, which would commence 


1 + 


(« - «o)* j. (» - »o)‘ . . 

18 +i3?jo~l4 ®*® 
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fftlla -wiiihin any giren limits of energy (s' and c") is repre- 
sented by 

*" 

de 

e' 

If we expand fi and ^ m ascending powers of e — e„ without 
gomg beyond the squares, the probability that the energy Mis 
\nthm tte given limits takes the form of the ‘ law of errors ’ — 




(e-«o)» 

^ de 


This gives 

= i (§) J ’ 


(353) 

(3641 

(366) 


We shall have a close approxunation in general when the 
quantities equated m (356) are very small, ^ e., when 


,d€^Jo \d^)o 


(366) 


IS very great Now when n is very great, — d^<f>/d^ is of the 
same order of magmtude, and the condition that (356) shall 
be very great does not restnct very much the nature of the 
function rj 

We may obtam other properties pertaining to average values 
m a canomcal ensemble by the method used for the average of 
d^/de. Let u be any function of the energy, either alone or 
with 0 and the external coordinates. The average value of u 
in the ensemble is determined by the equation 
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Now we have identically 


e = GO 




de / 



r=o 


Therefore, by the preceding equation 


de 


u . 

^ "f" W “T— 

® de 


r 4. ^ ® 

=[“* ] 


r=o 


*(359) 


If we set = 1, (a value which need not be excluded,) the 
second member of this equation vanishes, as shown on page 
101, if n > 2, and we get 


3 ^ 1 

de 


(360) 


as before It is evident from the same considerations that the 
second member of (359) will always vanish if w > 2, unless u 
becomes mfinite at one of the limits, in which case a more care- 
ful exaimnation of the value of the expression will be necessary. 
To facilitate the discussion of such cases, it will be convement 
to introduce a certain limitation in regard to the nature of the 
system considered We have necessarily supposed, in aU our 
treatment of systems canomcally distributed, that the system 
considered was such as to be capable of the canonical distri- 
bution with the given value of the modulus We shall now 
suppose that the system is such as to be capable of a canomcal 
distribution with any (fimte)f modulus Let us see what 
cases we exclude by this last limitation 


* A more general equation, which is not limited to ensembles canomcally 
distnbuted, is 

e=:oo 




where tj denotes, as usual, the index of probability of phase 

t The term finite applied to the modulus is intended to exclude the ralue 
zero as well as infinity 
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The impossibilily of a canonical distnbution occurs when 
the equation 

^ € = 00 




de 


(361) 


fails to detemune a finite value for Evidently the equation 
cannot make y/r an infinite positive quantity^ the impossibility 
therefore occurs when the equation makes — oo , Now 
we get easily from (191) 


d 






If the canomcal distribution is possible for any values of 0, 
we can apply this equation so long as the canomcal distnbu- 
tion IS possible. The equation shows that as 0 is mcreased 
(without becoming infinite) — yjr cannot become mfimte unless 
€ simultaneously becomes mfimte, and that as 0 is decreased 
(without becommg zero) — yfr cannot become infinite unless 
simultaneously € becomes an mfimte negative quantity The 
correspondmg cases m thermodynamics would be bodies which 
could absorb or give out an mfimte amount of heat without 
passing certam limits of temperature, when no external work 
is done m the positive or negative sense Such mfimte values 
present no analytical difficulties, and do not contradict the 
general laws of mechamcs or of thermodynamics, but they 
are qmte foreign to our ordinary experience of nature In 
excluding such cases (which are certainly not entirely devoid 
of mterest) we do not exclude any which are analogous to 
any actual cases m thermodynamics 

We assume then that for any fimte value of 0 the second 
member of (361) has a fimte value 

When this condition is fulfilled, the second member of 
(369) will vamsh for u = V For, if we set 0' = 20, 


c 



r=e ^Je ®' e 

r=o 7=0 
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■where denotes the "value of tfr for the modulus 0\ Since 
the last member of this foimula yamshes for e = oo , the 
less value represented by the first member must also vanish 
for the same value of e. Therefore the second member of 
(359), which differs only by a constant fector, vanishes at 
the upper limit The case of the lower limit remains to be 
considered. Now 


C 

e p-< 


r=o 


* ” 5 ^^ ^ 


The second member of this formula evidently vanishes for 
the value of e, which gives F = 0, whether this be finite or 
negative infinity. Therefore, the second member of (359) 
vanishes at the lower limit also, and we have 


de 






or 


e F= ® 


(362) 


This equation, which is subject to no restriction m regard to 
the value of », suggests a connection or analogy between the 
function of the energy of a system which is represented by 
F and the notion of temperature in thermodynamics. We 
shall return to this subject in Chapter XIV. 

Itn >2, the second member of (359) may easily be shown 
to vanish for any of the following values of viz : €, 

where m denotes any positive number It will also 
vanish, when n > 4, for u = d<f)/d€, and when n > 2h for 
u = e~^ d^Vjd^ When the second member of (359) van- 
ishes, and 71 > 2, we may wnte 

^ \d€ de 0 

We thus obtain the following equations . 

If n >2, 

VP ^ J V 0 0 


= -g. (363) 


(364) 
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If n > 2A, 

1 -<i>d’‘r_ -,i>d*rd4> 

® de ®* dd' d^ de 





-4,d**W _ 1 
whence ^ ©» 

Giving A the valnes 1, 2, 3, etc > we have 

* = 1, rf»>2, 




as already obtained Also 

^ 1 ( ^£\* — i. 

<i€* * d€* <fe \de ) 0* 


if » > 6. 


( 370 ) 

( 371 ) 


( 372 ) 


• This equation may also be obtained from equations (262) and (821) 
Compare also equation (348) which was derived by an approximative method 
t Compare equation (860). obtained by an approximative method 


THE CANONICAL DISTRIBUTION 113 

If ^ IS a continuous increasing function of Cj, commencing 
Jim Fj — 0, the average value in a canomcal ensemble of any 
function of either alone or with the modulus and the exter- 

equation (275), which is identical 
With (oo7) except that 0, and have the suffix ( ) The 

equation may be transformed so as to give an equation iden- 
tic^ with (369) except for the suffixes If we add the same 
suffixes to equation (361), the fimte value of its members will 
determme the possibihty of the canomcal distnbution. 

From these data, it is easy to derive equations Rinmlgr to 
(860), (362)-(372), except that the conditions of their vahd- 
ity must be differently stated The equation 


6^“ r, = ® 

requures only the condition already mentioned with respect to 
F;. This equation corresponds to (362), which is subject to 
no restriction with respect to the value of n We may ob- 
serve, however, that V wih always satisfy a condition aimiiar 
to that mentioned with respect to V^, 

If F^ satisfies the condition mentioned, and a mTmlnr 
condition, i e , if is a contmuous mcreasmg function of e 
commencmg with the value = 0, equations vnll hold sun^ 
liar to those given for the case when » > 2, viz., mmilar to 
(360), (364)— (368). Especially important is 

1 

dfGq @ 

Jf (or dV^fde,'), d® F^/de,® all satisfy similar conditions, 

we shall have an equation similar to (369), which was subject 
to the condition « > 4 And if cPFJde» also satisfies a 
similar condition, we shall have an equation similar to (372), 
for which the condition was » > 6 Finally, if V, and h suc- 
cessive differential coefficients satisfy conditions of the ViH 
mentioned, we shall have equations like (870) and (871) for 
which the condition was n > 2 A. 
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These conditioiis take the place of those given above relat- 
ing to n. In feet, we might give conditions relating to the 
differential coefficients of V, similar to those given rela^ to 
the differential coefficients of V„ instead of 
relating to n, for the validity of equations (360), (863)-(372). 
This would somewhat extend the application of the equations. 
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ON A DISTRIBUTION IN PHASE CALLED MICROCANONI- 
CAL IN WHICH ALL THE SYSTEMS HAVE 
THE SAME ENERGY 

An important case of statistical equilibrium is that m which 
aU systems of the ensemble have the same energy We may 
amve at the notion of a distnbution which will satisfy the 
necessary conditions by the following process. We may 
suppose that an ensemble is distnbuted with a uniform den- 
sify-m-phase between two hmiting values of the energy, s' and 
e", and -with density zero outside of those limits Such an 
ensemble is evidently in statistical equihbrium according to 
the criterion m Chapter IV, since the density-m-phase may be 
re^ed as a function of the energy. By diminishmg the 
difference of e' and we may dumnish the differences of 
energy m the ensemble. The limit of this process gives us 
a permanent distribution m which the energy is constant. 

We should arrive at the same result, if we should make the 
density any function of the energy between the limits e' and 
and zero outside of those limits. Thus, the limiting distri- 
bution obtained from the part of a canonical enHA mhi^a 
between two limits of energy, when the difference of the 
limiting energies is indefinitely dimimshed, is independent of 
^e modulus, bemg deterimned entirely by the energy, and 
is identical with the limiting distribution obtained from a 
uniform density between hmits of energy approaching the 
same value. ° 

We shall call ae limiting distribution at which we amve 
by this process microoanomcaL 

We shall find however, in certain cases, that for certain 
values of the energy, viz , for those for which is infinite, 
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this process fails to define a linutmg distribution in any snob 
distinct sense as for other values of the energy. The difficulty 
IS not in the process, but in the nature of the case, being 
entirely analogous to that which we meet when we tcy to find 
a canomcal distribution in cases when yfr becomes mfimte 
We have not regarded such cases as affordmg true examples 
of the canomcal distnbution, and we shall not regard the cases 
m which is mfimte as affording true examples of the micro- 
^,^T>r.Tnr.Al distnbution. We shall m fact find as we go on that 
m such cases oui most important formulae become illusory 
The use of formulae relatmg to a canomcal ensemble which 
contain e* de mstead of dp^ dq„, as m the preceding chapters, 

amounts to the consideration of the ensemble as divided mto 
an mfimty of imcrocanomcal elements 

From a certain pomtof view, the microcanomcal distnbution 
may seem more simple than the canomcal, and it has perhaps 
been more studied, and been regarded as more closely related 
to the fundamental notions of thermodynamics To this last 
pomt we shall return m a subsequent chapter. It is sufficient 
here to remark that analytically the canomcal distnbution is 
much more manageable than the microcanomcaL 

We may sometimes avoid difficulties which the microcanon- 
ical distnbution presents by regarding it as the result of the 
foUowmg process, which mvolves conceptions less simple but 
more amenable to analytical treatment We may suppose an 
ensemble distnbuted with a density proportional to 

e ^ j 

■where <» and e' are constants, and then dimimsh mdefimtely 
the value of the constant w. Here "the density is nowhere 
zero until we come to the Inmt, but at the limit it is zero for 
aU energies except e' We thus avoid the analytical comph- 
cation of discontmmties m the value of the density, which 
require the use of mtegrals with mconvement hmits 

In a microcanomcal ensemble of systems 'the energy (e) is 
constant, but the kmetic eneigy (e,) and the potential energy 


t 



ALL SYSTEMS HAVE THE SAME ENERGY IIT 
^ different systems, subject of course to the con- 

-f = € = constant (373) 

Our fet mqumes wiU rekte to the division of enemy mto 
&ese two parts, and to the average values of functions of e. 

We shaU use the notation to denote an average value m 
a microcanomcal ensemble of energy e. An average value 
m a canomcal e^emble of modulus 0, which has hitherto 
^n denoted by we shall hr this chapter denote by i3,, to 
distoguish more clearly the two kinds of averages. ^ ^ 

The eitension-m-phase within any limits which can be given 

and may be expressed in the notations of the 
preceding chapter by the double mtegral 




t^en mthin those limits. If an ensemble of systems is dis- 
tebuted within those limits with a uniform density-in-phase 
^e average value in the ensemble of any function («) of the 
energies wiU be expressed by the quotient 

j y* udFfdVg 

Since dVj, = e*Pd€j„ and de, = de when e, is constant, the 
expression may be written 

J Jtte^fdedVj 

To get the average value of « in an ensemble distnbuted 
mcrocanomcally with the energy e, we must make the m- 
tegrations cover the extension-m-phase between the energies 
eande + de. This gives ® 
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de j ue^^dVg 


«j=€ 

*P 


F*=0 


dV, 


But by (299) the value of the mtegral m the denommatoi 
18 We have therefore 


fg— C 



■where and are connected by equation (878), and «, if 
given as function of or of and Sq, becomes m ■virtue of 
the aamfl equation a faction of e, alone. 

We assume that has a fimte value If n > 1, it is 
evident from equation (805) that is an mcreasmg function 
of e, and therefore cannot be mfimte for one value of e ■without 
ben^ mfimte for aU greater values of e, which would make 
_ ■yfr infimtp * When w > 1, therefore, if we assume that 
IS fimte, we only exclude such cases as we found necessary 
to exclude m the study of the canomcal distribution. But 
when » = 1, cases may occur m which the canomcal distribu- 
tion IS perfectly apphcable, but m which the formulae for the 
microcanomcal distribution become illusory, for particular val- 
ues of 6, on account of the mfimte ■value of Such &ilmg 
cases of the microcanomcal distribution /or particular values 
of the energy ■will not prevent ■us from regarding the canon- 
ical ensemble as consistmg of an mfimty of microcanomcal 
ensembles.! 


* See equation (322) 

t An example of the failing case of the microcanomcal distribution is 
afforded by a material point, under the influence of gravity, and constrained 
to remain m a vertical circle The faihng case occurs when the energy is 
just sufficient to carry the material point to the highest pomt of the circle 
It will be observed that the difficulty is inherent in the nature of the case, 
and 18 quite mdependent of the mathematical formulae The nature of the 
difficulty IS at once apparent if we try to distribute a flnite number of 
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From the last equation, with (298), we get 



Va=o 


But by equations (288) and (289) 


V. 


(376) 


Therefore 





F= 





(376) 

(377) 


Again, with the aid of equation (301), we get 




r4=o 


d6p 


e ’^dr,=: 


d<l> 


if » > 2. 


Therefore, by (289), 

^ — ^1 _ 1 \ -=n j! 

de dcp j< ^5 ^ ^ « > 2 


(378) 


(379) 


These results are interesting on account of the relations of 

the functions e-*V and ^ to the notion of temperature in 

thennodynamies, — a subject to which we shall return here- 
after. They are particular cases of a general relation easily 
deduced from equations (306), (374), (288) and (289). We 
liave 


d^v r d^v^ 

d€^ ^ I ~dr^ ^ < in + 1, 

The equation may be wntten 


— ^ d* V /* ■ 


rhd*v. 


r,=o 


pomt» with thu particiilar ralue of the energy as nearly ae poenble 
an itatistical eqnihbnum, or if we ask What is the probabihty that a point 
tirten at random from an ensemble in statistical eqnihbnnm with this ralue 
ot the energy will be fonnd in any specified part of the circlet 
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We have tiherefore 

^d’^V -<t>p d'‘yp \ 7T=ici /■38O) 

® I?-® de/l.“ra»-A + l) *’ ^ ^ 

if A < + 1 For example, when n is even, we may make 

A = ^n, which gives, with (307), 

? l-il (381) 

(2,r)2e-^(F,),_. = r(i«)6p H 

Since any canonical ensemble of systems may be regarded 
as composed of microcanomcal ensembles, if any quantities 
u and V have the same average values m every microcanomcal 
ensemble, they ■wiU have the same values in every canonical 
ensemble. To brmg equation (380) formally under this rule, 
we may observe that the fiist member being a function of e is 
a constant value in a microcanomcal ensemble, and therefore 
identical with its average value We get thus the general 
equation 

® r(i«-A + l)' '* ^ ^ 

ifA<J« + l* The equations 

9=7=n\ = 7^^ = l-^. (3«S) 

i=i.=E=(5-0^*’ 

may be regarded as particular cases of the general equation. 
The last equation is subject to the condition that n > 2 
The last two equations give for a canomcal ensemble, 
if n > 2, 

The corresponding equations for a microcanomcal ensemble 
give, if n > 2, 


* See equation (202) 
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which shows that d<f> tilog V approaches the value unity 
when n xs very great. ^ 

If a system consists of two parts, having separate energies, 
we may obtam equations similar m form to the precedmg, 
which relate to the system as thus divided* We sh^ 
distmguish quantities relatmg to the parts by letters with 
suffixes, the same letters without suffixes relating to the 
whole system. The extension-m-phase of the whole system 
within any given limite of the energies may be represented bv 
the double integral ^ 

taken within those hunts, as appears at once from the defim- 
tions of Chapter VIII, In an ensemble distnbuted with 
uniform density within those limits, and zero densily outside, 
the average value of any function of e, and e, is given bv the 
quotient ^ 

J* J* udVidVt 

JJdV.dV, 

which may also be written f 

J y* w«*‘<fedr, 

J J' e*'d€dF, 


If we make the limits of mtegration e and e + de, we get the 

‘he part, wdl hare no influence 
on each other, and the ensemble formed by distributing the whole micro- 
canonically is too arbitrary a conception to hare a real interest The prin- 
f/**® ei’iafaons which we shaU obtam will be in cases in 
which the condition is approximately fulfilled But for the purposes of a 
^eorebcal discussion, it is of course conrenient to make such a condition 
a^olnte Compare Chapter IT, pp 86 ff, where a simUar condition is con- 
sidered in connection with canonical ensembles 

t Where the analytical transformations are identical in form with those 
on the precedmg pages, it does not appear necessary to gire all the steps 
wiui the sftnxe detail 
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&y6rsig6 vsluo of 14 m an cnsomblo in wlucli iilio wliolo systcni 
IS microeanonically distributed m pliase, viz , 

lil, = e-*Jue*^dV,, (387) 

where and are connected by the equation 

€1 4- €j = constant = e, (388) 

and w, if given as function of € 1 , or of ci and € 3 , becomes m 
vixtue of the same equation a function of €j alone.* 

Thus 



7 ^ = e-^ / V,dV„ 

(389) 


ty 

F^ 




(390) 

This reqTures 

a sunilaT relation for canonical averages 



@ = e^le = 

(391) 

Agam 

^ ^e-*T^e^dV,. 

<fci |c J dci 

(392) 


oei aci 

Fi =0 

But if > 2, vanishes for = 0,t and 


^3=0 Fi=0 


Hence, if > 2, and >% 


d<f> c2<^i 

de dci e 



(394) 


* In the applications of the equation (387), we cannot obtain all the results 
coTresponding to Uiose which we haye obtained from equation (374), because 
0p 18 a known function of cp, while must he treated as an arbitrary func- 
tion of € 1 , or nearly so 

t See Chapter VUl, equations (305) and (316) 



and 
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We haye compared certain functions of the energy of the 
whole system with average values of similar functions of 
the kmetic energy of the whole system, and with average 
values of similar functions of the whole energy of a part of 
the system We may also compare the same functions with 
average values of the kmetic energy of a part of the system. 

We shall express the total, kmetic, and potential energpies of 
the whole system by e, e^, and €,, and the kmetic energies of the 
parts by and e^p These kmetic energies are necessarily sep- 
arate we need not make any supposition concermng potential 
energies The extension-in-phase withm any hmits which can 
be expressed m terms of cjp, e^j, may be represented m the 
notations of Chapter VIII by the triple integral 

fff 

taken withm those limits. And if an ensemble of systems is 
distributed with a uniform density within those limits, the 
average value of any function of e^p, will be expressed 
by the quotient 

fff 

fff 


fff 

fff 


To get the average value of u for a microcanonical distribu- 
tion, we must make the Imuts e and e + de. The denominator 
m this case becomes die, and we have 



( 396 ) 
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where and are connected by the equation 

= constant = e 

Accordingly 

r^VxX = J / VipdV^pdV, = e-^r, (397) 

and we may write 

(398) 

and 

® = r^« = Fxje = e~^ (399) 

»i n* 

Agam, if > 2, 




€(=€ C3p=C— €9 




F^O «„=0 


F^O 

Hence, if 74 > 2 , and n, > 2, 


€9=C S a 

— ^ r ^ * -yrr dt d<l> 

=" J ■5r'*^-=* * =i- <"») 




de de^ 


•ipl« 


U^a. e 


l_g 

®~ de 


k=^=^=a“>-i)^=a»-«^. w 


We cannot apply the methods employed m the preceding 
pages to the microcanomcal averages of the (geneiahzed) 
forces Aj, Aj, etc , exerted by a system on external bodies, 
since these quantities are not functions of the energies, either 
kmetic or potential, of the whole or any part of ihe system 
We may however use the method described on page 116 
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Let us unagme an ensemble of systems distnbuted m phase 
according to the mdex of probabihty 



where ^ is any constant which is a possible yalue of the 
energy, except only the least value which is consistent with 
the values of the external coordinates, and o and a> are other 


constants. 

We have therefore 



pc-t=!T 

J • j « “* . . dy, = 1, 

phases 

(403) 

or 

^ =J ' 

phases 

(404) 

or again 

•=* , . 

(405) 

From (404) we have 


de-^ 

doi 

— y*- y*2 Aie dpi .dq^ 

phases 



€ = « (e—e')® 

F=0 

(406) 


where denotes the average value of m those systems 
of the ensemble which have any same energy e. (This 
IS the same thing as the average value of m a nucrocanom- 
cal ensemble of energy e ) The vahdity of the trn.nafftnnfl.^n»T^ 
is evident, if we consider separately the part of each integral 
which hes between two infinitesimally differing Immta ©f 
energy. Integratmg by parts, we get 
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e ^ 



€=QO 

r=o 




d€ 


( 407 ) 


Differentaating (405), we get 

doi J dox \ dOiJ 

r=o y=^ 


(408) 


where denotes the least value of e consistent with the exter- 
nal coordinates. The last term m this equation represents the 
part of de^ Jda^ which is due to the variation of the lower 
limit of the integral. It is evident that the expression m the 
brackets will vamsh at the upper hunt. At the lower hmit, 
at which €p = 0, and has the least value consistent with the 
external coordinates, the average sign on is superfluous, 
as there is but one value of Aj which is represented by 
-- de^ldci^ Exceptions may indeed occur for particular values 
of the external coordinates, at which d^Jda^ receive a fimte 
mcrement, and the formula becomes illusory Such particular 
values we may for the moment leave out of account The 
last term of (408) is therefore equal to the first term of the 
second member of (407). (We may observe that both vamsh 
when 71 > 2 on account of the factor ) 

We have therefore from these equations 


F =0 r =:0 

" ( 409 ) 

r=o 


That is the average value m the ensemble of the quantity 
represented by the prmcipal parenthesis is zero This must 
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be true for any value of &> If we diminish. a>, the average 
value of the parenthesis at the limit when o) vanishes becomes 
identical with the value for e = e'. But this may be any value 
of the energy, except the least possible. We have therefore 

(*io) 

unless it be for the least value of the energy consistent with 
the external coordinates, or for particular values of the ex- 
ternal coordinates. But the value of any term of this equar 
tLon as determined for particular values of the energy and 
of the external coordinates is not distinguishable from its 
value as determmed for values of the energy and external 
cobrdmates mdefimtely near those particular values. The 
equation therefore holds without limitation. Multiplying 
by e^, we get 


ij) dA\ |c « i j '— ^ ^ clffi d&^ cP V 

^ de dai doj esfe* 


(411) 


The mtegral of this equation is 

= (412) 

where jS\ is a function of the external cobrdmates We have 
an equation of this form for each of the external cobrdmates 
This gives, with (266), for the complete value of the difEeren- 
tial of V 

dV => e^d€ + (6^37l€ — i^i) doi + da^ -H etc , (413) 


or 

d V — (d€ -j- dcb-i -|" d(Xt2 " 1 " etc ) “• dori — F 2 — etc, 

( 414 ) 

To determme the values of the functions J?i, 
us suppose <* 1 , , etc. to vary arbitrarily, while e vanes so 

as always to have the least value consistent with the values 
of the external cobrdmates. This will make F = 0, and 
d F = 0. If n < 2, we shall have also = 0, which will 
give 


Fx = 0, jFj = 0, etc 


( 416 ) 
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The result is the same for any value of n. For in the vana- 
tions considered the kinetic energy 'wiU be constantly zero, 
and the potential energy will have the least value consistent 
with the external coordinates The condition of the least 
possible potential energy may limit the ensemble at each m- 
stant to a smgle configuration, or it may not do so , but m any 
case the values of etc. will be the same at each instant 

for all the systems of the ensemble,* and the equation 

d€ “f“ Ai^ dcL\ “f" -^3 dcL^ “f“ etc “ 0 

will hold for the variations considered Hence the functions 
JTj , etc. vanish in any case, and we have the equation 

dF=e^<fc+e'^3I|.rfoi+e^rfa, + etc, (416) 


or 


log F = 


d& -f- doi + dd^ “f* ®tc 
e“^F 


or agam 

de = Fd logF -■an.rfai - 'S^.da^ - etc 


( 417 ) 

( 418 ) 


It will be observed that the two last equations have the form 
of the fundamental differential equations of thermodynamics, 
e'~^V corresponding to temperature and log V to entropy. 
We have alr^y observed propeitaes of suggestive of an 
analogy with temperature f The sigmficance of these facts 
will be discussed m another chapter 

The two last equations might be written more simply 


de + d(ti 4" dfl'2 4“ ®tc 

, 

de = d F •" jc ddx “• A2 |c d<i2 ®tc , 

and still have the form analogous to the thermodynamic 
equations, but has nothing like the analogies with tempera- 
ture which we have observed me-^V 


* This statement, as mentioned before, may haye exceptions for particular 
yalues of the external coordmates This will not inyahdate the reasoning, 
which has to do with varying values of the external coordmates 
t See Chapter IX, page ill , also this chapter, page 119 
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MAXIM UM AND MINIMUM PROPERTIES OP VARIOUS DIS- 
TRIBUTIONS IN PHASE 


In the foUo-wmg theorems we suppose, as always, that the 
systems fonmng an ensemble are identical m nature and m 
the Talues of the external coordmates, which are here regarded 
as constants 

TheoreTn I If an ensemble of systems is so distnbuted in 
phase that the index of probabihty is a function of the energy, 
the average value of the mdex is less than for any other distri- 
bution m which the distribution m energy is unaltered 

Let us write t) for the mdex which is a function of the 
energy, and ij + Aij for any other which gives the same dis- 
tnbution m energy. It is to be proved that 


J • f (v+ d3n> f . dSn, (419) 


where is a function of the energy, and Ai? a function of the 
phase, which are subject to the conditions tiiat 


«u 


phaaes 




aU 



phaaes 


and that for any value of the energy (e') 


dq^ = 1 , ( 420 ) 


-$'+d€' 




J* . dq^ , jf e'^dpi . dq^ 

C=f' 


( 421 ) 


Equation (420) expresses the general relations which 17 and 
f) + Arf must satisfy m order to be mdices of any distnbutions, 
and (421) expresses the condition that they give the same 
distribution m energy. 
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In the canonical ensemble + e/0 has the constant value 
^1%, in the other ensemble it has the value f / @ + A»i 
The proposition to be proved may therefore be written 

I < J d2.. (^8) 

pluMes 

where 

_ ^ p»^ 

In virtue of this condition, smce / 0 is constant, the propo- 
sition to be proved reduces to 

0 < J* J'Ar}e * •<??»> (^®) 

XOiaBM 

where the demonstration may be concluded as m the last 
theorem 

If we should substitute for the energy m the precedmg 
theorems any other function of the phase, the theorems, mu- 
tatus mutandis, would stdl hold. On account of the unique 
importance of the energy as a function of the phase, the theo- 
rems as given are especially worthy of notice When the case 
is such that other functions of the phase have important 
properties relating to statistical equihbnum, as described 
m Chapter IV,* the three foUowmg theorems, which are 
generalizations of the precedmg, may be useful It will be 
sufficient to give them without demonstration, as the principles 
involved are in no respect different 

Theorem IV If an ensemble of systems is so distnbuted m 
pbase that the index of probability is any function of 
etc , (these letters denotmg functions of the phase,) the average 
value of the index is less than for any other distribution in 
phase m which the distribution with respect to the functions 
J'l, -Pj, etc. IS unchanged. 

* See pages 37-41 
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Theorem F. If aa ensemble of systems is so distmbuted 
m phase that the index of probabUity is a hneai function of 
etc , (these letters denoting functions of the phase,) the 
a-veiage value of the index is less than for any other distribu- 
tion m which the functions etc. have the same average 

values. 

Theorem VI, The average value in an ensemble of systems 
of 97 ^ (where 97 denotes as usual the index of probability and 
jPany function of the phase) is less when the ensemble is so 
distributed that 97 + -F is constant than for any other distribu- 
tion whatever. 

Theorem VU, If a system which in its different phases 
constitutes an ensemble consists of two parts, and we consider 
the average mdex of probability for the whole system, and 
also the average mdices for each of the parts taken separately, 
the sum of the average indices for the parts will be either less 
than the average index for the whole system, or equal to it, 
bnt cannot be greater. The limiting case of equahty occurs 
when the distnbution in phase of each part is independent of 
that of the other, and only in this case. 

Let the cobrdmates and momenta of the whole system he 
h* ffm • Pn^ oi which . .p^ relate to one 

part of the system, and t • • • to the other. 

If the index of probability for the whole system is denoted by 
rj, the probabihty that the phase of an unspecified system hes 
within any given hmits is expressed by the mtegral 

f .foUjp^ ..d2, ( 431 ) 

taken for those limits. If we set 


J . . . dy, = 


( 432 ) 


where the integrations coyer all phases of the second system, 
and 


/• / 


«’ % . . dp, dq^ . d?, =e’^ 


( 433 ) 
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where the integrations cover aJl phases of the first system, 
the mtegral (431) will reduce to the form 





(434) 


when the limits can he expressed m terms of the coordinates 
and momenta of the first part of the system The same mtegral 
will reduce to 


/•••/«' 


(435) 


when the limits can be expressed m terms of the coordmates 
and momenta of the second part of the system. It is evident 
that^i and are the mdices of probability for the two parts 
of the system taken separately 

The T»g.iTi proposition to be proved may be written 


J dpi dq,, (436) 


where the first integral is to be taken over all phases of the first 
part of the system, the second mtegral over aU phases of the 
second part of the system, and the last mtegral over all phases 
of the whole system. Now we have 



J .j* e’ dpi dq, = 1, 

(437) 


II 

(438) 

and 

J .J d^dp^i dq, = 1, 

(439) 


where the limits cover m each case all the phases to which the 
variables relate The two last equations, which are in them- 
selves evident, may be derived by partial mtegration from the 
first 
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It appears fiom the definitioiis of % and that (436} may 
also be 'wntten 

j . . ..dg[,+J...J rn^d-pi . dq, < 

^ V ®'* > (440) 

01 S' ^ 

where the integratiODS cover all phases. Adding the equation 
J. = (441) 


which, we get by miiltiplyiiig (438) and (439), and subtract- 
ing (437), we have for the proposition to be proved 

/. + .<iy,>0. (442) 

phMCI 


I^et 

M = 7 — ’ll— ’/»• 

The mam proposition to be proved may be wntten 

dl 

J. .Jiue' + l- e") . . dy, > 0. 

pliM«a 


(443) 

(444) 


This IS evidently true since the quantity in the parenthesis is 
incapable of a negative value * Moreover the sign = can 
hold only when the quantity in the parenthesis vanishes for 
all phases, i e , when w = 0 for all phases. This makes 
7j = rj^+rj^ for all phases, which is the analytical condition 
which expresses that the distributions in phase of the two 
parts of the system are independent. 

Theorem VTIL If two or more ensembles of systems which 
are identical in nature, but may be distributed differently m 
phase, axe umted to form a single ensemble, so that the prob- 
abihty-coefficient of the resulting ensemble is a hnear function 


* See Theorem I, 'where this is proved of a simlar expreaeion 



188 MAXIMUM AND MINIMUM PROPERTIES 

01 j. .f (Ai, + 1) <¥i ® 

Since the parenthesis m this expression represents a positive 
value, except when it vanishes for Arj = 0, the integral will 
be positive n-nlftsa Aij vanishes everywhere within the limits, 
which would make the difference of the two distnbutions 
vanish. The theorem is therefore proved. 
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ON THE MOTION OF SYSTEMS AND ENSEMBLES OP SYS- 
TEMS THROUGH LONG PERIODS OF TIME. 

An important question which suggests itself in regard to any 
case of dynamical motion is whether the system considered 
will return in the course of time to its initial phase, or, if it 
will not return exactly to that phase, whether it will do so to 
any required degree of approximation in the course of a suffi- 
ciently long time. To be able to give even a partial answer 
to such questions, we must know something in regard to the 
dynamical nature of the system. In the following theorem, 
the only assumption in this respect is such as we have found 
necessary for the existence of the canonical distribution. 

If we imagine an ensemble of identical systems to be 
distributed with a uniform density throughout any finite 
extension-in-phase, the number of the systems which leave 
the extension-in-phase and will not return to it in the course 
of time is less than any assignable fraction of the whole 
number; provided, that the total extension-in-phase for the 
systems considered between two hmiting values of the energy 
is finite, these limiting values being less and greater respec- 
tively than any of the energies of the first-mentioned exten- 
sion-in-phase. 

To prove this, we observe that at the moment which we 
call initial the systems occupy the given extension-in-phase. 
It is evident that some systems must leave the extension 
immediately, unless all remain in it forever. Those systems 
which leave the extension at the first instant, we shall call 
the/row« of the ensemble. It will be convenient to speak of 
this front as generating the extension-in-phase through which it 
passes in the course of time, as in geometry a surface is said to 
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generate the volume through which it passes. In equal timAo 
the front generates equal extensions in phase This is an 
immediate consequence of the pnnciple of eomervatim oj 
extermon^vrphaae, unless indeed we prefer to consider it as 
a shght variation in the expression of that pnnciple For m 
two equal short mtervals of time let the extensions generated 
be A and B (We make the mterveds shoit simply to avoid 
the comphoations m the enunciation or interpretation of the 
pnnciple which would arise when the same extension-m-phase 
18 generated more than once m the mterval considered.) Now 
if we imagme that at a given instant systems are distnbuted 
throughout the extension A, it is evident that the warnA 
systems will after a certain tune occupy the extension B, 
which IS therefore equal to .4 m virtue of the pnnciple cited 
The front of the ensemble, therefore, goes on generatmg 
equal extensions in equal tunes But these extensions are 
mcluded m a fimte extension, viz , that bounded by Certain 
limitmg values of the energy Sooner or later, therefore, 
the front must generate phases which it has before generated 
Such second generation of the same phases must commence 
with the uutial phases Theiefore a portion at least of the 
front must return to the original extension-m-phase The 
same is of course true of the portion of the en aennhla which 
follows that portion of the front through the same phases at 
a later tune. 

It remains to consider how large the portion of the ensemble 
IS, which will return to the original extension-in-phase There 
can be no portion of the given extension-m-phase, the systems 
of which leave the extension and do not return For we can 
prove for any portion of the extension as for the whole, that 
at least a portion of the systems leaving it will return 

We may divide the given extension-in-phase into parts as 
follows There may be parts such that the systems withm 
them will never pass out of them These parts may indeed 
constitute the whole of the given extension But if the given 
extension is very small, these parts will in general be non- 
existent. There may be parts such that systems within them 
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mil aH pass out of the given extension and aU return within 
it The whole of the given extension-in-phase is made up of 
parts of these two kinds. This does not exclude the possi- 
bihty of phases on the boundaries of such parts, such that 
systems starting mth those phases would leave the extension 
and never return But m the supposed distribution of an 
ensemble of systems with a uniform density-in-phase, such 
systems would not constitute any assignable fraction of the 
whole number. 

These distinctions may be illustrated by a very simple 
example. If we consider the motion of a rigid body of 
which one point is fixed, and which is subject to no forces, 
we find three cases. (1) The motion is periodic. (2) The 
system will never return to its origmal phase, but will return 
infinitely near to it. (3) The system mil never return either 
exactly or approximately to its original phase But if we 
consider any extension-in -phase, however small, a system 
leaving that extension will return to it except in the case 
called by Poinsot ‘singular,’ viz, when the motion is a 
rotation about an axis lying in one of two planes having 
a fixed position relative to the rigid body But all such 
phases do not constitute any true extenmnririrphase m the 
sense m which we have defined and used the term * 

In the same way it may be proved that the systems in a 
canomcal ensemble which at a given instant are contained 
mthin any finite extension-in-phase will m general return to 


* An ensemble of systems distributed in phase is a less simple and ele- 
mentary conception than a single system But by the consideration of 
suitable ensembles instead of single systems, we may get rid of the incon- 
Temence of having to consider exceptions formed by particular cases of the 
integral e<iuations of motion, these cases simply disappearing when the 
ensemble is substituted for the single system as a subject of study This 
18 especially true when the ensemble is distributed, as m the case called 
canonical, throughout an extensiondn-phase In a less degree it is true of 
the microcanonical ensemble, which does not occupy any extension-in-phase, 
(in the sense in which we have used the term,) although it is convenient to 
regard it as a limiting case with respect to ensembles which do, as we thus 
gain for the subject some part of the analytical simplicity which belongs to 
the theory of ensembles which occupy true extensions-in-phase 
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that extension-in-phase, if they leave it, the exceptions, t. 
the nxunber which pass out of the extension-m-phase and do 
not return to it, being less than any assignable fraction of the 
whole number. In other words, the probabihty that a system 
taken at random from the part of a canomcal ensemble which 
IS contamed within any given extension-in-phase, will pass out 
of that extension and not return to it, is zero. 

A sumlar theorem may be enunciated with respect to a 
microcanomcal ensemble. Let us consider the fractional part 
of such an ensemble which hes withm any given himts of 
phase This fraction we shall denote by F. It is evidently 
constant in time smce the ensemble is in statistical equi- 
hbnum. The systems within the limits will not in general 
remain the same, but some will pass out m each umt of tune 
while an equal number come m. Some may pass out never 
to return within the limi ts But the number which m any 
time however long pass out of the limits never to return will 
not bear any finite ratio to the number within the limits at 
a given instant For, i£ it were otherwise, let / denote the 
fraction repiesentmg such ratio for the time jP. Then, in 
the time 7, the number which pass out never to return will 
bear the ratio / J' to the whole number in the ensemble, and 
m a tune exceeding T/C^fF) the number which pass out of 
the limit s never to return would exceed the total number 
of systems m the ensemble. The proposition is therefore 
proved 

This proof will apply to the cases before considered, and 
may be regarded as more simple than that which was given 
It may also be apphed to any true case of statistical equilib- 
rium By a true case of statistical equilibrium is meant such 
as may be described by giving the general value of the piob- 
abihty that an unspecified system of the ensemble is con- 
tamed within any given hmits of phase * 

* An ensemble in which the systems are material points constrained to 
move in vertical circles, with 3U8t enough energy to carry them to the 
highest pomts, cannot afEord a true example of statistical eqmlibnum For 
any other value of the energy than the critical value mentioned, we might 
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lidt us next coDsidor ■whstliBr {id. 6ns6iDbl6 of isol&tod 
lldS {{Dy tCDdODCy ID iitLO CODISO Of 131D0 tOWftid & 
state of statistical equilibrium. 

There are certarn fuDotiODS of phase which are coustaut m 
1:1 niB The distnbutiOD of the eusemble with respect to the 
values of these functions is necessarily mvanable, that is, 
the number of systems withm any limits which can be 
specified m terms of these functions cannot vary in the course 
of time. The distribution in phase which without violatmg 
this condition gives the least value of the average index of 
probabihty of phase (ij) is umque, and is that m which the 


in Tanon* ways desenbe an ensemble m statistical eqmlibnam, while the 
■amo language applied to the critical ralue of the energy would fail to do 
so Thus, if we should say that the ensemble is so distributed that the 
probability that a system is m any given part of the circle is proportioned 
to the time which a smgle system spends m that part, motion in either direc- 
tion h-T-e equaUy probable, we should perfectly define a distribution m sta- 
tistical eiuiUbrium for any value of the energy except the critical value 
mentioned above, but for this value of the energy aU the probabihties m 
quesUon would vamsh unless the highest point is mcluded m the part of the 
circle considered, in which case the probabihty is umty, or forms one of its 
limits, m which case the probabihty is mdetermmate Compare the foot-note 
on page 118 

A aUll more simple example is aflEorded by the uniform motion of a 
material pomt m a straight line Here the impossibiUty of statistical equi- 
librium is not limited to any pj^rticular energy, and the canonical distribu- 
tion as well as the microcanonical is impossible 

These examples are mentioned here m order to show the necessity of 
caution m the application of the above principle, with respect to the question 
whether we have to do with a true case of statistical equilibrium 

Another point in respect to which caution must be exercised is that the 
part of an ensemble of which the theorem of the return of systems is assertefl 
should be entirely defined by limits within which it is contained, and not 
any such condition as that a certarn function of phase shall have a given 
value This is necessary in order that the part of the ensemble which is 
considered should be any assignable fraction of the whole Thus, if we have 
a canonical ensemble consisting of material points m vertical circles, the 
theorem of the return of systems may be applied to a part of the ensemble 
defined as contained in a given part of the circle But it may not be applied 
in all cases to a part of the ensemble defined as contained in a given part 
of the circle and having a given energy It would, in fact, express the exact 
opposite of the truth when the given energy is the critical value mentioned 
above 
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index of probability (rf) is a function of the fr notions men- 
tioned* It IS therefore a permanent distnbution,f and the 
only permanent distribution consistent with the invariability 
of the distribution with respect to the functions of phase 
which are constant m time 

It would seem, therefore, that we might find a sort of meas- 
ure of the deviation of an ensemble from statistical equilibrium 
in the excess of the average index above the •mimTrm’m which is 
consistent with the condition of the invariability of the distn- 
bution with respect to the constant functions of phase But 
we have seen that the index of probability is constant in time 
for each system of the ensemble The average index is there- 
fore constant, and we find by this method no approach toward 
statistical equilibrium m the course of tune 

Yet we must here exercise great caution One function 
may approach indefinitely near to another function, while 
some quantity determined by the first does not approach the 
corresponding quantity determined by the second A line 
]oinmg two points may approach mdefimtely near to the 
straight Ime joining them, while its length remains constant. 
We may find a closer analogy with the case under considera- 
tion m the effect of stirring an mcompressible hquid $ In 
space of 2 71 dimensions the case might be made analyti- 
cally identical with that of an ensemble of systems of n 
degrees of freedom, but the analogy is perfect m ordinary 
space Let us suppose the liquid to contam a certain amount 
of coloring matter which does not affect its hydrodynamic 
properties Now the state m which the density of the colonng 
matter is umform, ^ e , the statt, of perfect mixture, which is 
a sort of state of equihbnum in this respect that the distnbu- 
tion of the colonng matter in space is not affected by the 
mtemal motions of the hquid, is characterized by a miTnnmmn 

* See Chapter XI, Theorem IV 

t See Chapter IV, sub init 

t By liquid is here meant the contumons body of theoretical hydrody- 
namics, and not anythmg of the molecular structure and molecular motions 
of real hqmds 
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value of the average square of the density of the coloring 
matter. Let us suppose, however, that the coloring matter is 
distnbuted with a variable density. If we give the liqmd any 
motion whatever, subject only to the hydrodynamic law of 
mcompressibility, — it may be a steady flux, or it may vary 
with the time, — the density of the colormg matter at any 
same pomt of the hquid will be unchanged, and the average 
square of this density will therefore be unchanged Yet no 
fact IS more familiar to us than that stimng tends to brmg a 
hqmd to a state of uniform mixture, or uniform densities of 
its components, which is characterized by imTnTmiTn values 
of the average squares of these densities. It is qmte true that 
m the physical experiment the result is hastened by the 
process of diffusion, but the result is evidently not dependent 
on that process. 

The contradiction is to be traced to the notion of the dennty 
of the coloring matter, and the process by which this quantity 
IS evaluated This quantity is the limiting ratio of the 
quantity of the coloring matter m an element of space to the 
volume of that element. Now if we should take for our ele- 
ments of volume, after any amount of stimng, the spaces 
occupied by the same portions of the hquid which originally 
occupied any given system of elements of volume, the densi- 
ties of the coloring matter, thus estimated, would be identical 
with the ongmal densities as determmed by the given system 
of elements of volume. Moreover, if at the end of any fimte 
amount of stimng we should take our elements of volume in 
any ordinary form but sufi&ciently small, the average square 
of the density of the coloring matter, as determined by such 
element of volume, would approximate to any required degree 
to its value before the stirring. But if we take any element 
of space of fixed position and dimensions, we may continue 
the stimng so long that the densities of the colored liquid 
estimated for these fixed elements will approach a uniform 
limit, VIZ , that of perfect mixture. 

The case is evidently one of those in which the limit of a 
limit has different values, according to the order in which we 
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apply the processes of taking a lunit If treating the elements 
of volume as constant, we contmue the stimng indefimtely, 
we get a uniform density, a result not affected by making the 
elements as small as we choose , but if treating the amount of 
starring as fimte, we dimimsh mdefimtely the elements of 
volume, we get exactly the same distribution in density as 
before the starring, a result which is not affected by con- 
tmumg the stirring as long as we choose The question is 
largely one of language and definition One may perhaps be 
allowed to say that a fimte amount of stirring will not affect 
the mean square of the density of the coloring matter, but an 
infimte amount of starring may be regarded as producing a 
condition in which the mean square of the density has its 
minimum value, and the density is uniform We may cer- 
tainly say that a sensibly uniform density of the colored com- 
ponent may be produced by stimng Whether the time 
reqmred for this result would be long or short depends upon 
the nature of the motion given to the hquid, and the fineness 
of our method of evaluating the density 

All this may appear more distmctly if we consider a special 
case of hquid motion. Let us unagme a cyhndncal mass of 
hqmd of which one sector of 9Q° is black and the rest white. 
Let it have a motion of rotation about the axis of the cyhnder 
m which the angular velocity is a function of the distance 
from the axis In the course of tame the black and the white 
parts would become drawn out mto thin nbbons, which would 
be wound spirally about the axis The thickness of these nb- 
bons would HiTtninab without hmit, and the hquid would there- 
fore tend toward a state of perfect mixture of the black and 
white portions That is, m any given element of space, the 
proportion of the black and white would approach 1 3 as a limit 
Yet after any fimte time, the total volume would be divided 
mto two parts, one of which would consist of the white hquid 
exclusively, and the other of the black exclusively If the 
colormg matter, mstead of bemg distributed mitially with a 
uniform density throughout a section of the cyhnder, were 
distnbuted with a density represented by any arbitrary func- 



THROUGH LONG PERIODS OF TIME 147 

tion of the cylmdncal cobrdinates r, 6 aad z, the effect of the 
same motioii continued mdefimtely would be an approach to 
a condition in which the density is a function of r and z alone 
In this hnuting condition, the average square of the density 
would be less than m the original condition, when the density 
was supposed to vary with 0, although after any finite tune 
the average square of the density would be the samA as at 
first. 

If we limit our attention to the motion m a single plane 
perpendicular to the axis of the cylinder, we have 
which IS almost identical with a diagrammatic representation 
of the changes in distribution m phase of an ensemble of 
systems of one degree of freedom, m which the motion is 
periodic, the penod varying with the energy, as m the case of 
a pendulum swmgmg in a circular arc. If the cobrdmates 
and momenta of the systems are represented by rectangu- 
lar coordinates in the diagram, the pouits m the diagram 
representing the changing phases of moving systems, will 
move about the ongm in closed curves of constant energy. 
The motion will be such that areas bounded by points repre- 
senting movmg systems will be preserved. The only differ- 
ence between the motion of the hquid and the motion m the 
diagram is that in one case the paths are circular, and m the 
other they differ more or less from that form 

When the energy is proportional to ji* the curves of 
constant energy are circles, and the penod is mdependent of 
the energy There is then no tendency toward a state of sta- 
tistical equilibnum. The diagram turns about the ongin with- 
out change of form. This corresponds to the case of hquid 
motion, when the hquid revolves with a umform angulai 
velocily hke a ngid sohd. 

The analogy between the motion of an ensemble of systems 
m an extension-m-phase and a steady current in an incompres- 
sible hquid, and the diagrammatic representation of the case 
of one degree of freedom, which appeals to our geometncal m- 
tuitions, may be sufficient to show how the conservation of 
densily in phase, which involves the conservation of the 
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average value of the index of probability of phase, is consist- 
ent with an approach to a l imi tin g condition in which that 
average value is less We might perhaps fairly infer from 
such considerations as have been adduced that an approach 
to a condition of statistical equihbnum is the general 

rule, when the Tmtial condition is not of that character But 
the subject is of such importance that it seems desirable to 
give it farther consideratioii 

Let us suppose that the total extension-in-phase for the 
kind of system considered to be divided into equal elements 
(i) F) which are very small but not infinitely small. Let us 
ima giTiA an ensemble of systems distributed in this extension 
m a ma-TinAT represented by the index of probability 17, which 
18 an arbitrary function of the phase subject only to the re- 
striction expressed by equation ( 46 ) of Chapter I We shall 
suppose the elements 2) F to be so small that r) may m gen- 
eral be regarded as sensibly constant within any one of them 
at the mitial moment Let the path of a system be defined as 
the senes of phases through which it passes 

At the initial moment (t') a certam system is m an element 
of extension DV. Subsequently, at the tune t", the same 
system is in the element 1 >V". Other systems which were 
at first m DV will at the time t" be in DV", but not all, 
probably The systems which were at fiist m D F' will at 
the time occupy an extension-in-phase exactly as large as at 
first But it will probably be distributed among a very great 
number of the elements (DV) into which we have divided 
the total eitension-m-phase If it is not so, we can generally 
take a later time at which it will be so There will be excep- 
tions to this for particular laws of motion, but we will con- 
fine ourselves to what may fairly be called the general case 
Only a very small part of the systems mitaally m DV will 
be found m DV" at the time t", and those which are found in 
DV" at that tune were at the initial moment distributed 
among a very large number of elements D V 
What 18 important for our purpose is the value of 17, the 
mdex of probabihty of phase in the element DV" at the time 



149 


THROUGH LONG PERIODS OF TIME 

tf'. In the part of DV" occupied by systems which at the 
tune If were m DV the value of ,, will be the same as its 
value m DV at the time if, which we shall call y. In the 
parts of DV' occupied by systems which at f were in ele- 
ments very near to DV -we may suppose the value of w to 
TOiy httle from We cannot assume this in regard to parts 
of DF occupied by systems which at if were m elements 
remote from DV. We want, therefore, some idea of the 
nature of the extension-in-phase occupied at if by the sys- 
tems which at t" will occupy DV". Analytically, the prob- 
lem IS identical with findmg the extension occupied at t" 
by the systems which at t' occupied D V. Now the systems 
in DV" which he on the same path as the system first com 
sidered, evidently amved at DV" at nearly the same time 
and must have left D V at nearly the same time, and therm 
fore at if were in or near D V<. We may therefore take 7,' as 
the value for these systems The same essentially is true of 
systems m DV" which he on paths very close to the path 
already considered. But with respect to paths passm? through 
D V and D V", but not so close to the first path, we caimot 
assume that the tune required to pass from DV to DV" is 
nearly the same as for the first path The difference of the 
times required may be small in comparison with but as 
this mterval can be as large as we choose, the difference of the 
times required m the different paths has no limit to its pos- 
sible value. Now if the case were one of statistical equihb- 
num, the value of 7) would be constant m any path, and if all 
the palhs which pass through DV" also pass through or near 
.»r', the value of r, throughout i)r"will vary little from 
V But when the case is not one of statistical equilibrium 
we cannot draw any such conclusion. The only conclusion 
which we can draw with respect to the phase at if of the sys- 
tems which at t" are in DV" is that they are nearly on the 
same path. 

Now if we should make a new estimate of mdices of prob- 
ability of phase at the time t", using for this purpose the 
elements DV,~ that is, if we should divide the number of 
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systems m D V", for example, by the total number of systems, 
and also by the extension-m-phase of the element, and take 
the logarithm of the quotient, we would get a number which 
would be less than the average value of 17 for the systems 
■withm BV" based on the distobution m phase at the tune t'.* 
Hence the average value of 1? for the whole ensemble of 
systems based on the distribution at t" wiU be less than the 
average value based on the distribution at 

We must not forget that there are exceptions to this gen- 
eral rule These exceptions are m cases m which the laws 
of motion are such that systems havmg small differences 
of phase will continue always to have small differences of 
phase 

It 18 to be observed that if the average mdex of probabihty in 
an ensemble may be said m some sense to have a less value at 
one tune than at another, it is not necessarily priority in tune 
which determines the greater average mdex If a distribution, 
which IS not one of statistieal equihbnum, should be given 
for a t', and the distobution at an earher time t" should 
be defined as that given by the correspondmg phases, if we 
mcrease the mterval leavmg t' fixed and taking f' at an earher 
and earher date, the distribution at t" will m general approach 
a distobution which is m statistical equihbnum The 

determimng difference in such cases is that between a definite 
distobution at a definite time and the hmit of a varying dis- 
tnbution when the moment considered is earned eilher forward 
or backward mdefimtely f 

But while the distinction of pnor and subsequent events 
may be immatenal with respect to mathematical fictions, it is 
quite otherwise with respect to the events of the real world. 
It should not be forgotten, when our ensembles are chosen to 
illustrate the probabihnes of events in the real world, that 

• See Chapter XI, Theorem IX 

t One may compare the kmematical tnuBm that when two points are 
moving with umform velocities, (with the single exception of the case where 
the relative motion is zero,) their mutual distance at any definite time is less 
than for J=oo,ort=: — oo 



161 


THROUGH LONG PERIODS OF TIME 

whole the probabilities of subsequent events may often be 
determined from the probabilities of pnor events, it is rarely 
&e case that probabilities of pnor events can be determined 
from those of subsequent events, for we are rarely justified m 
excludmg the consideration of the antecedent probabUitv of 
the pnor events ^ 

It IS worthy of notice that to take a system at random from 
an ensemble at a date chosen at random from several given 
dates, t", etc., is practically the same thmg as to take a sys- 
tern at random from the ensemble composed of all the systems 
of ae given ensemble in their phases at the time t', together 
with the same systems in their phases at the time t" etc Bv 
Theorem VIII of Chapter XI this will give an ensemble in 
which the average index of probability will be less than m 
the ^ven ensemble, except m the case when the distribution 
m the given ensemble is the same at the times t", etc. 
Consequently, any mdefimteness in the time m which we take 
a system at random from an ensemble has the practical effect 
of diminishing the average index of the ensemble from which 
the system may be supposed to be drawn, except when the 
given ensemble is in statistical equilibrium. 
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EFFECT OF VARIOUS PROCESSES ON AN ENSEMBLE OP 

SYSTEMS 

IiT the last chapter and m Chapter I we have considered the 
changes which take place m the course of time in an ensemble 
of isolated systems Let us now proceed to consider the 
changes which will take place m an ensemble of systems under 
external influences These external influences will be of two 
kinds, the variation of the coordinates which we have called 
external, and the action of other ensembles of systems The 
essential difference of the two kmds of influence consists m 
+.Viia, that the bodies to which the external coordinates relate 
are not distributed in phase, while in the case of mteraction 
of the systems of two ensembles, we have to regard the fact 
that both are distributed m phase To find the effect pro- 
duced on the ensemble with which we are principally con- 
cerned, we have therefore to consider single values of what 
we have called external coordinates, but an mfimty of values 
of the internal coordinates of any other ensemble with which 
there is interaction 

Or, — to regard the subject from auother point of view, — 
the action between an unspecified system of an ensemble and 
the bodies represented by the external coordinates, is the 
action between a system imperfectly determined with respect 
to phase and one which is perfectly determined, while the 
interaction between two unspecified systems belonging to 
different ensembles is the action between two systems both of 
which are imperfectly determined with respect to phase * 

We shall suppose the ensembles which we consider to be 
distributed m p^se m the manner described in Chapter I, and 

* In the deyelopment of the subject, we shall find that this distinction 
corresponds to the distinction m thermodynamics between mechamcal and 
thermal action 
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represented by the notations of that chapter, especially by the 
index of probabihty of phase (ij) There are therefore 2 n 
independent variations m the phases which constitute the 
ensembles considered. This excludes ensembles like the 
microcanomcal, in which, as energy is constant, there are 
only 2«- 1 mdependent variations of phase This seems 
necessary for the purposes of a general discussion. For 
although we may imagme a microcanomcal ensemble to have 
a permanent existence when isolated from external influences, 
the effect of such influences would generaUy be to destroy the 
nmformity of energy in the ensemble. Moreover, since the 
microcanomcal ensemble may be regarded as a lumting case of 
such ensembles as are descnbed m Chapter I, (and that in 
more than one way, as shown in Chapter X,) the exclusion is 
rather formal than real, smce any properties which belong to 
the microcanomcal ensemble could easily be derived from those 
of the ensembles of Chapter I, which in a certain sense may 
be regarded as representing the general case. 

Let us first consider the effect of vanation of the external 
cohrdmates We have already had occasion to regard these 
quantities as variable in the differentiation of certain equations 
relating to ensembles distnbuted according to certain laws 
called canomcal or microcanomcal That vanation of the 
external cobrdinates was, however, only carrying the atten- 
tion of the mmd from an ensemble with certain values of the 
external coordinates, and distributed in phase according to 
some general law depending upon those values, to another 
ensemble with different values of the external cobrdmates, and 
with the distnbution changed to conform to these new values 

What we have now to consider is the effect which would 
actually result m the course of time in an ensemble of systems 
in which the external coCrdinates should be varied m any 
arbitrary manner. Let us suppose, in the first place, that 
these cobrdinates are varied abruptly at a given mstant, being 
constant both before and after that instant By the defimtion 
of the evtemal coordinates it appears that this vanation does 
not affect the phase of any system of the ensemble at the 
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when it takes place* Therefore it does not affect the index of 
piobabihty of phase (rf) of any system, or the aveiage value 
of the mdex (^) at that tune. And if these quantities are 
constant m time before the variation of the external coordi- 
nates, and after that variation, their constancy m time is not 
mterrupted by that variation In fact, m the demonstration 
of the conservation of probabihty of phase m Chapter I, the 
variation of the external coordinates was not excluded 

But a variation of the external coordinates will in general 
disturb a previously existing state of statistical equilibrium 
For, although it does not affect (at the first instant) the 
distribution-m-phase, it does affect the condition necessary for 
equihbnum This condition, as we have seen in Chapter IV, 
is that the mdex of probabihty of phase shall be a function of 
phase which is constant m time for moving systems. Now 
a change m the external coordmates, by changing the forces 
which act on the systems, wJ.1 change the nature of the 
functions of phase which are constant in time Therefore, 
the distribution m phase which was one of statistical equi- 
hbnum for the old values of the external coordinates, will not 
be such for the new values. 

Now we have seen, in the last chapter, that when the dis- 
tnbution-m-phase is not one of statistical equihbnum, an 
ensemble of systems may, and m general will, after a longer or 
shorter time, come to a state which may be regarded, if very 
small differences of phase are neglected, as one of statistical 
eqmhbnum, and m which consequently the average value of 
the mdex (17) is less than at first It is evident, therefore, 
that a variation of the external coordinates, by disturbing a 
state of statistical equihbnum, may indirectly cause a dimmu- 
tion, (m a certam sense at least,) of the value of 17 

But if the change in the external coordmates is very small, 
the change m the distnbution necessary for equihbnum will 
m general be correspondingly small Hence, the onginal dis- 
tnbution m phase, since it differs httle from one which would 
be m statistical equihbnum with the new values of the ex- 
ternal coordmates, may be supposed to have a value of v 
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which differs by a smaJl quantity of the second order from 
the minimum value which characterizes the state of statistical 
equilibrium. And the di m inution in the average mdez result- 
mg m the course of tune from the very small change m the 
external coordinates, cannot exceed this small quantity of 
the second order 

Hence also, if the change in the external coordinates of an 
ensemble initially in statistical equilibrium consists m suc- 
cessive very small changes separated by very long intervals of 
tune m which the disturbance of statistical equihbnum be- 
comes sensibly effaced, the final diminution in the average 
mdex of probabihty will in general be neghgible, although the 
total change in the external coordinates is large The result 
will be the same if the change m the external cobrdinates 
takes place continuously but sufficiently slowly 

Even in cases in which there is no tendency toward the 
restoration of statistical equilibrium m the lapse of tune, a varia- 
tion of external coordinates which would cause, if it took 
place m a short time, a great disturbance of a previous state 
of equihbnum, may, if sufficiently distributed in time, produce 
no sensible disturbance of the statistical equilibrium. 

Thus, in the case of three degrees of freedom, let the systems 
be heavy pomts suspended by elastic massless cords, and let the 
ensemble be distributed in phase with a density proportioned 
to some function of the energy, and therefore m statistical equi- 
hbrium For a change in the external coCrdinates, we may 
take a honzontal motion of the point of suspension If this 
18 moved a given distance, the resultmg disturbance of the 
statistical equihbnum may evidently be diTmniahA^i indefi- 
nitely by diminishing the velocity of the point of suspension 
This will be true if the law of elasticity of the stnng is such 
that the period of vibration is independent of the energy, in 
which case there is no tendency m the course of time toward 
a state of statistical equilibnum, as well as in the more general 
case, in which there is a tendency toward statistical equihbnum. 

That something of this kmd will be true in general, the 
following considerations will tend to show. 
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We define a path as the senes of phases through which a 
system passes m the course of time when the external co- 
ordinates have fixed values. When the external coordinates 
are varied, paths are changed. The path of a phase is the 
path to which that phase belongs With reference to any 
ensemble of systems we shall denote by 17\p the average value 
of the density-in-phase m a path. This unphes that we have 
a measure for compani^ diflPerent portions of the path We 
shall suppose the time required to traverse any portion of a 
path to te its measure for the purpose of determining this 
average. 

With this understanding, let us suppose that a certam en- 
semble IS in statistical equihbrium In every element of 
extension-in-phase, therefore, the density-m-phase D is equal 
to its path-average lJ\p. Let a sudden small change be made 
m the external coordmates The statistical equihbnum will be 
disturbed and we shall no longer have D = U\p everywhere 
This IS not because D is changed, but because lJ\p is changed, 
the paths bemg changed It is evident that if jP > 27[p in 
a part of a path, we shall have 2> <^|p m other paits of the 
same path 

Now, if we should unagme a further change m the external 
coordinates of the same kind, we should expect it to produce 
an effect of the same kmd. But the manner m which the 
second effect will be superposed on the first wiU be different, 
according as it occurs immediately after the first change oi 
after an interval of tune. If it occurs immediately after the 
filrst change, then m any element of phase m which the fiist 
change produced a positive value of 2> - iy\p the second change 
will add a positive value to the first positive value, and where 
j) _ 71]^ was negative, the second change will add a negative 
value to the first negative value. 

But if we wait a suflScient tune before making the second 
change m the external coordinates, so that systems have 
passed from elements of phase in which 2) - U\p was origi- 
nally positive to elements in which it was originally negative, 
and vice ver«a, (the systems carrying with them the values 
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of 2) -27],,) the positive values of 2)-2>]p caused by the 
second change will be in part superposed on negative values 
due to the first change, and vice verm. 

The disturbance of statistical e^uilibnum, therefore, pro- 
duced by a given change m the values of the external co- 
ordinates may be very much diminished by dividing the 
change into two parts separated by a sufficient interval of 
tune, and a sufficient interval of tune for this purpose is one 
in which the phases of the individual systems are entirely 
unhke the first, so that any individual system is differently 
affected by the change, although the whole ensemble is af- 
fected m nearly the same way. Smce there is no limit to the 
diminuton of the disturbance of equihbnum by division of 
the change in the external coordinates, we may suppose as 
a general rule that by diminishing the velociiy of the changes 
in the external cobidinates, a given change may be mndA to 
produce a very small disturbance of statistical equihbnum 
If we wnte rf for the value of the average index of probabihiy 
before the vanation of the external coordinates, and if' for the 
value after this vanation, we shall have m any case 

^ ? 

as the simple result of the vanation of the external coordi- 
nates. This may be compared with the thermodynamic the- 
orem that the entropy of a body cannot be dimmigTiAd by 
mechanical (as distmgmshed from thermal) action.* 

If we have (approximate) statistical equihbnum between 
the tomes t' and <" (corresponding to and 7'), we abnll have 
approximately 

n' — i," 

which may be compared with the thermodynamic theorem that 
the entropy of a body is not (sensibly) affected by mftobn,TiiAa.l 
action, dunng which the body is at each instant (sensibly) m 
a state of thermodynamic equihbnum. 

Approximate statistical equilibnum may usually be attained 

* Tlie correspondences to which the reader’s attention is called are between 
— ly and entropy, and between 0 and temperature 
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hj a sufficiently slow variation of the external coordinates, 
just as approximate thermodynamic equilibrium may usually 
be attamed by sufficient slowness m the mechanical operations 
to which the body is subject. 

We now pass to the consideration of the effect on an en- 
semble of systems which is produced by the action of other 
ensembles with which it is brought into dynamical connec- 
tion In a previous chapter * we have imagmed a dynamical 
connection arbitrarily created between the systems of two 
ensembles. We shall now regard the action between the 
systems of the two ensembles as a result of the variation 
of the external coordinates, which causes such variations 
of the mtemal coordmates as to brmg the systems of the 
two ensembles within the range of each other’s action 
ImtiaUy, we suppose that we have two separate ensembles 
of systems, and The numbers of degrees of freedom 
of the systems in the two ensembles wiU be denoted by and 
Tig respectively, and the probability-coefficients by and 
Now we may regard any system of the first ensemble com- 
bmed with any system of the second as forming a single 
system of + Wg degrees of freedom Let us consider 5ie 

ensemble obtamed by thus combimng each system of the 
first ensemble with each of the second 
At the imtial moment, which may be specified by a single 
accent, the probabdity-coefficient of any phase of the combined 
systems is evidently the product of the probability-coefficients 
of the phases of which it is made up. This may be expressed 
by the equation, 

^ 455 ) 

Vi2 = Vi + (456) 

which gives (457) 

The forces tendmg to vary the mternal coordmates of the 
combined systems, together with those exerted by either 
system upon the bodies represented by the coordmates called 


* See Chapter IV, page 37 
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external, may be denved from a smgle force-function, which, 
taken negatively, we shall call the potential energy of the 
combmed systems and denote by But we suppose that 
initially none of the systems of the two ensembles JEi and 
come within range of each other’s action, so that the 
potential energy of the combined system falls into two parts 
relating separately to the systems which are combmed. The 
same is obviously true of the kinetic energy of the combined 
compound system, and therefore of its total energy This 
may be expressed by the equation 

61/ = (458) 

which gives V = i/ + ia' (4=59) 

Let us now suppose that m the course of time, owing to the 
motion of the bodies represented by the coordinates called 
external, the forces acting on the systems and consequently 
their positions are so altered, that the systems of the ensembles 
and E^ are brought within range of each other’s action, 
and after such mutual influence has lasted for a time, by a 
further change m the external coordinates, perhaps a return 
to their ongmal values, the systems of the two ongmal en- 
sembles are brought agam out of range of each other’s action 
Finally, then, at a time specified by double accents, we shall 
have as at first 

= + (460) 

But for the mdices of probabihty we must write * 

vi" + v"^vJ' W 

The considerations adduced m the last chapter show that it 

is safe to wnte 

< viJ ( 462 ) 

We have therefore 

171^' + ^2^^ ^ (463) 

which may be compared with the thermodynamic theorem that 

* See Chapter XI, Theorem VIL 
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the thermal contact of two bodies may mcrease but cannot 
dimmish the sum of their entropies 
Let us especially consider the case m which the two original 
ensembles were both canomcally distiibuted m with the 
respectiTe moduli and ©j We have then, by Theorem III 
of Chapter XI, 


«' + ^S5."+^ 

(464) 


(465) 

Whence with (463) we have 


^ , V < et" 

®1 ®2 “ ®1 ®» 

(466) 

or + 

®i ' ®j = 

(467) 


If we write W for the average work done by the combmed 
systems on the external bodies, we have by the principle of 
the conservation of energy 


_ ir = ei,' — ej' = ei' — ej" + cj' — (468) 

Now if IT IS neghgible, we have 

€i" - ii' = — (cj" - (469) 

and (467) shows that the ensemble which has the greater 
modulus must lose energy This result may be compared to 
the thermodynamic principle, that when two bodies of differ- 
ent temperatures are brought together, that which has the 
higher temperature will lose energy. 

Let us next suppose that the ensemble is originally 
canomcally distributed with the modulus ©j, but leave the 
distribution of the other arbitrary We have, to determine 
the result of a similar process, 

+ V" ^ Vi' + Va' 
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Hence + + ^ ( 470 ^ 

which may be written 

(471) 

This may be compared with the thermodynamic principle that 
when a body (which need not be m thermal equihbnum) is 
brought into thermal contact with another of a given tempera- 
ture, the increase of entropy of the first cannot be less (alge- 
braically) than the loss_of heat by the second divided by its 
tempeiature Where W is negligible, we may write 

+ + ^ (472) 

Now, by Theorem HI of Chapter XI, the quantity 

% + I (473) 

has a miDii n iim value when the ensemble to which and 
relate is distnbuted canonically with the modulus ©g. If the 
ensemble had originally this (hstnbution, the sign < m (472) 
would be impossible. In fact, m this case, it would be easy to 
show that the preceding formulae on which (472) is founded 
would all have the sign = . But when the two ensembles are 
not both originally distributed canomcally with the same 
modulus, the formulae mdicate that the quantity (473) may 
be dim ini shed by bringmg the ensemble to which and 
relate into connection with another which is canomcally dis- 
tributed with modulus @ 2 » therefore, that by repeated 
operations of this kind the ensemble of which the original dis- 
tribution was entirely arbitrary might be brought approxi- 
mately mto a state of canomcal distribution with the modulus 
©j. We may compare this with the thermodynamic prmciple 
that a body of which the original thermal state may be entirely 
arbitrary, may be brought approximately into a state of ther- 
mal eqmhbnum with any given temperature by repeated con- 
nections with other bodies of that temperature 
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Let US row suppose that we have a certain number of 
ensembles, J&q , , etc , distributed canonically with the 

respective moduli 0^ , , 63 , etc By variation of the exter- 

nal coordinates of the ensemble JSq , let it be brought into 
connection with and then let the connection be broken* 
Let it then be brought into connection with , and then let 
that connection be broken Let this process be continued 
with respect to the remaining ensembles. We do not make 
the assumption, as m some cases before, that the work connected 
with the variation of the external coordinates is a neghgible 
quantity. On the contrary, we wish especially to consider 
the case m which it is large In the final state of the ensem- 
ble Eq , let us suppose that the external coordmates have been 
brought back to their original values, and that the average 
energy (e^) is the same as at first 

In OUT usual notations, usmg one and two accents to dis- 
tinguish ongmal and final values, we get by repeated apphca- 
tions of the prmciple expressed m (463) 


+ Vi!' + etc 

But by Theorem III of Chapter XI, 

(474) 




(476) 

(476) 



etc 

(477) 

Hence 

00 01 

4 -^ + etc >^ + ^ + ^+etc 

®j, ~ ®0 ®l 

(478) 

or, smce 





0 > + r. + 

@1 @J 

(479) 


If we write W for the average work done on the bodies repre- 
sented by the external coordinates, we have 
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fi' - fii" + e.' - e," + eto = W (480) 

If Hq, J?i, and are the only ensembles, we have 

- — 

(481) 

It -will be observed that ^e relations expressed in the last 
three formulae between W, — c/', e^' — Cj", etc., and ©j, 
etc are precisely those which hold m a Carnot’s cycle for 
the work obtained, the energy lost by the several bodies which 
serve as heaters or coolers, and their initial temperatures 
It will not escape the reader’s notice, that while from one 
point of view the operations which are here described are quite 
beyond our powers of actual performance, on account of the 
impossibihty of handhng the immense number of systems 
which are involved, yet from another point of view the opera- 
tions described are the most simple and accurate means of 
representmg what actually takes place m our simplest experi- 
ments in thermodynamics The states of the bodies which 
we handle are certainly not known to us exactly What we 
know about a body can generally be described most accurately 
and most simply by saying that it is one taken at random 
from a great number (ensemble) of bodies which are com- 
pletely described If we bring it mto connection with another 
body concemmg which we have a similar limited knowledge, 
the state of the two bodies is properly described as that of a 
pair of bodies taken from a great number (ensemble) of pairs 
which are formed by combining each body of the first en- 
semble with each of the second 

Again, when we bnng one body mto thermal contact with 
another, for example, in a Carnot’s cycle, when we bnng a 
mass of fluid into thermal contact with some other body from 
which we wish it to receive heat, we may do it by moving the 
vessel containing the fluid This motion is mathematically 
expressed by the vanation of the coordmates which determine 
the position of the vessel- We allow ourselves for the pur- 
poses of a theoretical discussion to suppose that the walls of 
this vessel are mcapable of absorbmg heat from the fluid. 
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which m general is an equation of few variables, is derived 
from the fundamental mechamcal equation, which m the case 
of the bodies of nature is one of an enormous number of 
variables 

We have also to enunciate in mechamcal terms, and to 
prove, what we call the tendency of heat to pass from a sys- 
tem of higher temperature to one of lower, and to show that 
this tendency vamshes with respect to systems of the same 
temperature. 

At least, we have to show by a priori reasoning that for 
such systems as the material bodies which nature presents to 
us, these relations hold with such approximation that they 
are sensibly true for human faculties of observation. This 
indeed is all that is really necessary to estabhsh the science of 
thermodynamics on an a prion basis. Yet we wiU naturally 
desire to find the exact expression of those principles of which 
the laws of thermodynamics are the approximate expression 
A very httle study of the statistical properties of conservative 
systems of a finite number of degrees of freedom is suflBcient 
to make it appear, more or less distinctly, that the general 
laws of thermodynamics are the limit toward which the exact 
laws of such systems approximate, when their number of 
degrees of freedom is mdefimtely mcreased. And the problem 
of finding the exact relations, as distmgmshed from the ap- 
proximate, for systems of a great number of degrees of free- 
dom, IS practically the same as that of findmg the relations 
which hold for any number of degrees of freedom, as distm- 
guished from those which have been estabhshed on an em- 
pirical basis for systems of a great number of degrees of 
freedom 

The enunciation and proof of these exact laws, for systems 
of any fimte number of degrees of freedom, has been a princi- 
pal ob]ect of the precedmg discussion. But it should be dis- 
tmctly stated that, if the results obtamed when the numbers 
of degrees of freedom are enormous comcide sensibly with 
the general laws of thermodynamics, however interesting and 
significant this comcidence may be, we are still far from 
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having explained the phenomena of nature with respect to 
these laws. For, as compared with the case of nature, the 
systems which we have considered are of an ideal sunphcity. 
Although our only assumption is that we are considering 
conservative systems of a finite number of degrees of freedom, 
it would seem that this is assuming far too much, so far as the 
bodies of nature are concerned. The phenomena of radiant 
heat, which certainly should not be neglected m any complete 
system of thermodynamics, and the electncal phenomena 
associated with the combination of atoms, seem to show that 
the hypothesis of systems of a fimte number of degrees of 
freedom is inadequate for the explanation of the properties of 
bodies. 

Nor do the results of such assumptions in every detail 
appear to agree with experience. We should expect, for 
example, that a diatomic gas, so far as it could be treated 
independently of the phenomena of radiation, or of any sort of 
electncal mamfestations, would have six degrees of freedom 
for each molecule. But the behavior of such a gas seems to 
indicate not more than five. 

But although these difficulties, long recognized by physi- 
cists,* seem to prevent, in the present state of science, any 
satisfactory explanation of the phenomena of thermodynamics 
as present^ to us m nature, the ideal case of systems of a 
fimte number of degrees of freedom remains as a subject 
which IS certainly not devoid of a theoretical mterest, and 
which may serve to point the way to the solution of the far 
more difficult problems presented to us by nature And if 
the study of the statistical properties of such systems gives 
us an exact expression of laws which in the hmitmg case take 
the form of the received laws of thermodynamics, its mterest 
IS so much the greater. 

Now we have defined what we have called the TytodvluB 
of an ensemble of systems canomcally distributed m phase, 
anrl what we have called the index of probabihty (17) of any 
phase in such an ensemble. It has been shown that between 

* See Boltzmann, Sitzb der Wiener Akad , Bd LXIU , S 418, (1871) 
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the modulus ( 0 ), the external coordinates , etc ), and the 
average values m the ensemble of the energy (e), the mdex 
of probability (^), and the external forces (-4^, etc ) exerted 
by the systems, the following differential equation will hold : 

d? ® dox — da^ — etc. 

This equation, if we neglect the sign of averages, is identical 
m form with the thermodynamic equation (482), the modulus 
(@) corresponding to temperature, and the mdex of probabil- 
ity of phase with its sign reversed correspondmg to entropy * 

We have also shown that the average square of the anoma- 
hes of €, that is, of the deviations of the mdividual values from 
the average, is m general of the same order of magmtude as 
the reciprocal of the number of degrees of freedom, and there- 
fore to human observation the mdividual values are mdistm- 
guishable from the average values when the number of degrees 
of freedom is very great-f In this case also the anomahes of 77 
are practically msensible. The same is true of the anomahes of 
the external forces (Ax , etc ), so far as these are the result of 
the anomalies of energy, so that when these forces are sensibly 
determmed by the energy and the external coordinates, and 
the number of degrees of freedom is very great, the anomahes 
of these forces are msensible 

The mathematical operations by which the fimte equation 
between c, 7 ;, and , etc , is deduced from that which gives 
the energy (i) of a system m terms of the momenta (p^ . 
and coordinates both internal (g-j . . • g,) and external (a ^ , etc ), 
are indicated by the equation 

*“1 

« * =J • J « *da'i • dq^dpi . . . dp,, (484) 

phasM 

where ^ + e 

We have also shown that when systems of different ensem- 
bles are brought mto conditions analogous to thermal contact, 
the average result is a passage of energy from the ensemble 

« See Chapter IV, pages 44, 45 


t See Chapter VII. paares 78-76 
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of the greater modulus to that of the less, * or m case of equal 
moduli, that we have a condition of statistical equihbnum m 
regard to the distribution of energy.f 
Propositions have also been demonstrated analogous to 
those in thermodynamics relating to a Carnot’s cycle,t or to 
the tendency of entropy to mcrease,§ especially when bodies 
of different temperature are brought mto contact || 

W e have thus precisely defined quantities, and rigorously 
demonstrated propositions, which hold for any number of 
degrees of freedom, and which, when the number of degrees 
of freedom (w) is enormously great, would appear to human 
faculties as the quantities and propositions of empirical ther- 
modynamics. 

It IS evident, however, that there may be more than one 
quantity defined for finite values of w, which approach the 
same limit, when n is increased indefinitely, and more than one 
proposition relatmg to finite values of n, which approach the 
same linntmg form for w = oo There may be therefore, 
and there are, other quantities which may be thought to have 
some claim to be regarded as temperature and entropy with 
respect to systems of a finite number of degrees of freedom. 

The defimtions and propositions which we have been con- 
sidering relate essentially to what we have called a canomcal 
ensemble of systems. This may appear a less natural and 
simple conception than what we have called a microcanonical 
ensemble of systems, m which aU have the same energy, and 
which in many cases represents simply the time-ememhle^ or 
ensemble of phases through which a smgle system passes m 
the course of time. 

It may therefore seem desirable to find defimtions and 
propositions relatmg to these microcanomcal ensembles, which 
shall correspond to what m thermodynamics are based on 
experience Now the differential equation 

dt = V d log r— ^1, dai — 3^]. da^ — etc , (486) 

* See Chapter XIH, page 160 t See Chapter lY, pages 86-87 

t See Chapter XIII, pages 162, 168 § See Chapter XII, pages 148-151 

II See Chapter Xm, page 159 
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which has been demonstrated m Chapter X, and which relates to 
a microcanonical ensemble, '3^ denotmg the average value of 
m such an ensemble, corresponds precisely to the thermody- 
namic equation, except for the sign of average apphed to the 
external forces Sut as these forces are not entirely deter- 
mined by the energy with the external coordinates, the use of 
average values is entirely germane to the subject, and affords 
the readiest means of gettmg perfectly deternuned quantities 
These averages, which are taken for a microcanonical ensemble, 
may seem from some pomts of view a more simple and natural 
conception than those which relate to a canomcal ensemble 
Moreover, the energy, and the quantity corresponding to en- 
tropy, are free from the sign of average m this equation 

The quantity in the equation which corresponds to entropy 
IS log V, the quantity V bemg defined as the extension-m- 
phase within which the energy is less than a certain liTminTig 
value (e). This is certainly a more simple conception than the 
average value m a canonical ensemble of the index of probabil- 
ity of phase. Log F has the property that when it is constant 

doi — 371* 4- etc , (486) 

which closely corresponds to the thermodynamic property of 
entropy, that when it is constant 

= — — etc. (487) 

The quantity in the equation which corresponds to tem- 
perature IS F, or dejd log V. In a canonical ensemble, the 
average value of this quantity is equal to the modulus, as has 
been shown by different methods m Chapters IX and X. 

In Chapter X it has also been shown that if the systems 
of a microcanomcal ensemble consist of parts with separate 
energies, the average value of F for any part is equal to its 
average value for any other part, and to the uniform value 
of the same expression for the whole ensemble This corre- 
sponds to the theorem m the theory of heat that m case of 
thermal equilibrium the temperatures of the parts of a body 
Sire 6Qlldl “fco Onft on/l i v 
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Since the energies of the parts of a body cannot be supposed 
to remain absolutely constant, even where this is the case 
with respect to the whole body, it is evident that if we regard 
the temperature as a function of the energy, the taking of 
average or of probable values, or some other statistical process, 
must be used with reference to the parts, m order to get a 
perfectly definite value corresponding to the notion of tem- 
perature. 

It IS worthy of notice in this connection that the average 
value of the kin etic energy, either m a microcanonical en- 
semble, or in a canomcal, ivided by one half the number of 
degrees of freedom, is equal to or to its average value, 
and that this is true not only of the whole system which is 
distributed either microcanonically or canonically, but also 
of any part, although the corresponding theorem relating to 
temperature hardly belongs to empirical thermodynamics, since 
neither the (inner) kin etic energy of a body, nor its number 
of degrees of freedom is immediately cognizable to our facul- 
ties, and we meet the gravest difficulties when we endeavor 
to apply the theorem to the theory of gases, except in the 
simplest case, that of the gases known as monatomic. 

But the correspondence between or dejd log V and 

temperature is imperfect. If two isolated systems have such 
energies that 

dci __ de^ 
d log Vi^ d log Vi ’ 

and the two systems are regarded as combmed to form a third 
system with energy 

eia = €i -i- €2, 

we shall not have m general 

d€ii d€i ^ dcj 

dlog fii " dlog Vi "■ d log Fa’ 
as analogy with temperature would require. In fact, we have 
seen that 

deii _ cfei __ dcj 

d log Fia d log Filfij ~ ^ V^ €12 
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wheie the second and thord members of the equation denote 
aTerage values m an ensemble m which the compound sjstem 
IS nucrocanomcally’ distributed m phase. Let us suppose the 
two original systems to be identical m nature. Then 

*1 = = eiltu ="^11 

The equation m question would require that 
dex _ 

dlog Vx~d\og Fxii.’ 


t e., that we get the same result, whether we take the value 
of dej/dlogJ^ detemuned for the average value of cj m the 
ensemble, or take the average value of dejdlog V\. This 
wiU. be the case where de^/dlog 7^ is a bTiftfl.r function of 
Evidently this does not constitute the most general case 
Therefore the equation in question cannot be true m general 
It IS true, however, m some very important particular cases, as 
when the energy is a quadratic function of the and q’a, or 
of the jj’s alone • When the equation holds, the case is anal- 
ogous to that of bodies in thermodynamics for which the 
specific heat for constant volume is constant 

Another quantity which is closely related to temperature is 
d<f>/d€. It has been shown m Chapter IX that in a ngrinnio al 
ensemble, if n > 2, the average value of d<f>/de is 1/0, and 
that the most common value of the energy in the ensemble is 
that for which d<f>/de = 1/0 The first of these properties 
may be compared with that of de/d log V, which has been 
seen to have the average value 0 m a canomoal ensftTnble, 
without restnction m regard to the number of degrees of 
freedom 

With respect to microcanomcal ensembles also, d^/de has 
a property sunilar to what has been mentioned with respect to 
de/d log V. That is, if a system nucrocanomcally distnbuted 
m phase consists of two parts with separate energies, and each 


• last case is important on account of its relaUon to the theory of 
^s, ^though It must in stnctness be regarded as a limit of possible cases, 
rather than as a case which is itself possible 
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witih more thiaii two degrees of freedom, the average values m 
the ensemble of d(f>/de for the two parts are equal to one 
another and to the value of same expression for the whole 
In our usual notations 



if Tij > 2, and n, > 2. 

This analogy with temperature has the same mcompleteness 
which was noticed with respect to de/d\og 1 ^, viz , if two sys- 
tems have such energies (e^ and Cj) that 

dex ”” 

and they are combined to form a third system with energy 

Ci2 = 61 + 62, 

we shall not have in general 

^^12 ^<^2 

d € x 2 ^62 


Thus, if the energy is a quadratic function of the ^’s and j’s, 
we have * 


_ ^1 — 1 

d<f >2 _ W 2 — 1 

d^x €i ^ 

<fej €3 ’ 

d <^12 ^12 ■“ 1 _ 

nx + nj — 1 

<fcl 2 €i 2 

- 1 - 6s ’ 

where Wi , are the numbers of degrees of freedom of the 

separate and combmed systems 

But 

d<jix itx — 2 

dCj ^62 

61 + €» 


If the energy is a quadratic function of the alone, the case 
would be the same except that we should have i i J , 
instead of , nj, In these particular cases, the analogy 


* See foot-note on page 93 We have here made the least value of the 
energy consistent with the values of the external coordinates zero instead 
of fa, as 18 evidently aUowable when the external coordinates are supposed 
invariable 
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between defdlog V and temperature would be complete, as has 
alieadj been remarked We should have 

*^1 _ ^ dst ej 

rflogFi «i’ <71ogr,~^’ 


— =s £*2 — . 

d log 


_ die, 
diogr,’ 


when the energy is a quadratic function of the p’s and q'a, and 
similar equataons with J J mstead of , 

when the energy is a quadratic function of the p’s alone 
More characteristic of d^t/ de are its properties relating to 
most probable values of energy. If a system having two parts 
with separate energies and each with more than two degrees 
of freedom is microeanomcally distnbuted in phase, the most 
probable division of energy between the parts, m a system 
taken at random from the ensemble, satisfies the equation 




(488) 


which corresponds to the thermodynamic theorem that the 
distribution of energy between tbe parts of a system, m case of 
thermal equihbnum, is such that the temperatures of the parts 
are equal 

To prove the theorem, we observe ttat the fractional part 
of the whole number of systems which have the energy of one 
part (gj^) between the limits e-y and is expressed by 

'a" 

—<hi I ^ 1 + 0 , , 

e J e dei, 

«i' 

where the variables are connected by the equation 
Cj + e, = constant = Ci, 

The greatest value of this expression, for a constant mfimtesi- 
mal value of the difference e^" — e^', determmes a value of e, , 
which we may call its most probable value This depends on 
the greatest possible value of Now if > 2, and 

> 2, we shall have — oo for the least possible value of 
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e^, and <^2 = “ for the least possible value of cg Between 
these limits and <^2 fimte and contmuous Hence 

+ <^3 will have a maximum satisfying the equation (488). 
But if Tij < 2, or ^2 < 2, d<f>Jd€i ^ay be nega- 

tive, or zero, for all values of or €2, and can hardly be 
regarded as having properties analogous to temperature 
It IS also worthy of notice that if a system which is micro- 
canomcally distributed in phase has three parts with separate 
energies, and each with more than two degrees of freedom, the 
most probable division of eneigy between these parts satisfies 
the equation 

^'05 

dc^ dc^ 

That IS, this equation gives the most probable set of values 
of €3, and 63 But it does not give the most probable 
value of €1, or of €3, or of eg Thus, if the energies are quad- 
ratic functions of the ^’s and j’s, the most probable division 
of energy is given by the equation 

ni — 1 ^2 — 1 __ Wa — 1 

^1 ~ “ €, 

But the most probable value of ei is given by 

— 1 _ n2 + Tin — 1 
^1 €2 + 62 ^ 

while the preceding equations give 

7ii — 1 _ 712 + — 2 

€1 €2 + Cs 

These distmctions vamsh for very great values of Wg, 
For small values of these numbers, they are important Such 
facts seem to mdicate that the consideration of the most 
probable division of energy among the parts of a system does 
not afford a convement foundation for the study of thermody- 
namic analogies m the case of systems of a small number of 
degrees of freedom. The fact that a certain division of energy 
IS the most probable has really no especial physical importance, 
except when the ensemble of possible divisions are grouped so 
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( ^(k f — — ^ dctfi ddi + 6tc + Tjii di dcti *1“ ©tc — 0* 

\d<f>Ja ^ \daj^^a 

This requires oi = 0, = 0, etc., 

(SI,.”"*’'’ 

This shows that for any given values of E, Oa, etc. 

f f , etc , represent the forces (m the gen- 

\d(hj^a \dchj4.,a 

erahzed sense) which the external bodies would have to exert 
to TTiakft these values of o^, aj’ probable under 

the conditions specified. When the differences of the external 
forces which are exerted by the different systems are negh- 
gible, — (de/d«i)*,« etc., represent these forces. 

It IS certainly in the quantities relating to a canonical 
ensemble, €, 0, <55, etc, %, etc, that we find the most 
complete correspondence with the quantities of the thermody- 
namic equation (482) Yet the conception itself of the canon- 
ical ensemble may seem to some artificial, and hardly germane 
to a natural exposition of the subject, and the quantities 
de , _ ^ , de , f d€\ 

dbiF’ ^ ^e’ «!’ 5^* 

etc , etc , which are closely related to ensembles of constant 
energy, and to average and most probable values in such 
ensembles, and most of which are defined without reference 
to any ensemble, may appear the most natural analogues of 
the thermodynamic quantities 

In regard to the naturalness of seekmg analogies with the 
thermodynamic behavior of bodies in canomcal or microca- 
nomcal ensembles of systems, much will depend upon how we 
approach the subject, especially upon the question whether we 
regard energy or temperature as an mdependent variable. 

It is very natural to take energy for an independent vanable 
rather than temperature, because ordinary mechanics furnishes 
us with a perfectly defined conception of energy, wheieas the 
idea of somethmsr relatmsr to a mechamcal svstem and corre- 


■ AjJ dcKri etc -f- (X/\ d(X\ •!“ etc — 0, 
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spending to temperature is a notion but Taguely defined. Now 
if the state of a system is given by its energy and the external 
coordinates, it is incompletely defined, although its partial defi- 
nition IS perfectly clear as far as it goes. The ensemble of 
phases microcanonicaUy distnbuted, with the given values of 
the energy and the external coordinates, will represent the im- 
perfectly defined system better than any other ensemble or 
single phase. When we approach the subject from this side, 
our theorems will naturally relate to average values, or most 
probable values, m such ensembles 

In this case, the choice between the variables of (485) or of 
(489) will be determined partly by the relative importance 
which IS attached to average and probable values. It would 
seem that m general average values are the most important, and 
that they lend themselves better to analytical transformations. 
This consideration would give the preference to the system of 
variables m which log V is the analogue of entropy Moreover, 
if we make ^ the analogue of entropy, we are embarrassed by 
the necessity of making numerous exceptions for systems of 
one or two degrees of freedom. 

On the other hand, the definition of <f> may be regarded as a 
htde more simple than that of log V, and if our choice is deter- 
mined by the sunphcity of the defimtions of the analogues of 
entropy and temperature, it would seem that the (j> system 
should have the preference. In our defimtion of these quanti- 
ties, r was defined first, and e* derived from V by differen- 
tiation. This gives the relation of the quantities in the most 
simple analytical form. Yet so far as the notions are con- 
cerned, it is perhaps more natural to regard V as derived from 
e* by mtegration At ad events, e* may be defined mde- 
pendently of V, and its defimtion may be regarded as more 
simple as not requinng the determination of the zero from 
which V IS measured, which sometimes involves questions 
of a delicate nature In fact, the quantity e* may exist, 
when the definition of V becomes illusory for practical pur- 
poses, as the mtegral by which it is determined becomes infimte. 

The case is entirely different, when we regard the tempera- 
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tn TC as an independent Tariable, and we have to consider a 
system which is described as having a certain temperature and 
certain values for the eitemal codrdinates Here also the 
state of the system is not completely defined, and wiU be 
better represented by an ensemble of phases than by any single 
What IS the nature of such an ensemble as will best 
represent the imperfectly defined state ^ 

When we wish to give a body a certain temperature, we 
place It in a bath of the proper temperature, and when we 
regard what we call thermal equihbnum as established, we say 
that the body has the same temperature as the bath Per^ 
haps we place a second body of standard character, which we 
call a thermometer, m the bath, and say that the first body, 
the bath, and the thermometer, have all the same temperature. 

But the body under such circumstances, as well as the 
bath, and the thermometer, even if they were entirely isolated 
from external influences (which it is convement to suppose 
m a theoretical discussion), would be contmuaUy changing in 
pliniaa, and m energy as weE as in other respects, although 
our means of observation are not fine enough to perceive 
these variations 

The senes of phases through which the whole system runs 
m the course of time may not be entirely determmed by the 
energy, but may depend on the mitial phase m other respects. 
In such cases the ensemble obtamed by the nucrocanonical 
distnbution of the whole system, which mcludes all possible 
tune-ensembles combmed m the proportion which seems least 
arbitraiy, will represent better than any one time-ensemble 
the effect of the bath. Indeed a single tune-ensemble, when 
it IS not also a microcanomcal ensemble, is too ill-defined a 
notion to serve the purposes of a general discussion. We 
wiU therefore direct our attention, when we suppose the body 
in a bath, to the microcanomcal ensemble of phases 
thus obtained. 

If we now suppose the quantity of the substance forming 
the bath to be mcreased, the anomalies of the separate ener- 
gies of the body and of the thermometer in the nucrocanomoal 
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ensemble Tnll be increased, but not without limit. The anom- 
ies of the energy of the bath, considered m comparison with 
its whole energy, dimmish indefimtely as the quantity of the 
bath IS increased, and become m a sense negligible, when 
the quantity of the bath is sufficiently mcreased. The 
ensemble of phases of the body, and of the thermometer, 
approach a standard form as the quantity of the bath is in- 
defimtely increased. This limitmg form is easily shown to be 
what we haye described as the canomcal distribution. 

Let us wnte e for the energy of the whole i^stem consistmg 
of the body first mentioned, the bath, and the thermometer 
(if any), and let us first suppose this system to be distnbuted 
canomcally with the modulus 0. We have ly (205) 

(«-?)* = 


and since 


n 

2 


0 , 


de de 
d0 

If we wnte Ae for the anomaly of mean square, we have 


If we set 


d0 

49 = -^ 4 <, 


A0 will represent approximately the mcrease of 0 which 
would produce an mcrease m the average value of the energy 
equal to its anomaly of mean square- Now these equations 
give 




20* dip 
n dk ^ 


which shows that we may diminish A0 indefimtely by mcreas- 
ing the quantity of the bath. 

Now our canomcal ensemble consists of an infinity of micro- 
canomcal ensembles, which differ only m consequence of the 
different values of the energy which is constant in each. If 
we consider separately the phases of the first body which 
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occur in the canonical ensemble of the whole system, these 
phases will form a canomcal ensemble of the same modulus. 
This canomcal ensemble of phases of the first body will con- 
sist of parts which belong to the different microcanomcal 
ensembles into which the canomcal ensemble of the whole 
system is divided. 

Let us now imagme that the modulus of the principal ca- 
nonical ensemble is increased by 2 A@, and its average energy 
by 2Ae. The modulus of the canomcal ensemble of the 
phases of the first body considered separately wdl be increased 
by 2 A@ We may regard the infinity of microcanomcal en- 
sembles mto which we have divided the pnncipal canomcal 
ensemble as each having its energy mcreased by 2Ae Let 
us see how the ensembles of phases of the first body con- 
tamed m these microcanomcal ensembles are affected We 
may assume that they will all be affected in about the same 
way, as all the differences which come mto account may bo 
treated as small Therefore, the canomcal ensemble formed by 
takmg them together wiU also be affected m the same way 
But we know how this is affected It is by the increase of 
its modulus by 2A@, a quantity which vanishes when the 
quantity of the bath is mdefimtely increased. 

In the case of an infinite bath, therefore, the increase of the 
energy of one of the microcanomcal ensembles by 2Ae, pro- 
duces a vamshing effect on the distribution in energy of the 
phases of the first body which it contams But 2A€ is more 
than the average difference of energy between the micro- 
canonical ensembles. The distribution in energy of these 
phases is therefore the same in the different imcrocanomcal 
ensembles, and must therefore be canonical, hke that of the 
ensemble which they form when taken together,* 

♦ In order to appreciate the above reasoning, it should be understood that 
the differences of energy which occur m the canonical ensemble of phases of 
the first body are not here regarded as vanishing quantities To fix one^s 
ideas, one may imagine that he has the fineness of perception to make these 
differences seem large The difference between the part of these phases 
which belong to one microcanomcal ensemble of the whole system and the 
part which belongs to another would still be imperceptible, when the quan- 
tity of the bath is sufficiently increased 
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As a general theorem, the conclnsion may be expressed m 
the words — If a system of a great number of degrees of 
freedom is microcanomcaUy distributed in phase, any very 
small part of it may be regarded as canomcally distributed * 
It would seem, therefore, that a canomcal ensemble of 
phases is what best represents, with the precision necessary 
for exact mathematical reasorung, the notion of a body with 
a given temperature, if we conceive of the temperature as the 
state produced by such processes as we actually use m physics 
to produce a given temperature Since the anomalies of the 
body increase with the quantity of the bath, we can only get 
nd of all that is arbitrary m the ensemble of phases which is 
to represent the notion of a body of a given temperature by 
makmg the bath i nfin ite, which brings us to the canomcal 
distribution 

A companson of temperature and entropy with their ana- 
logues in statistical mechamcs would be mcomplete without a 
consideration of their dijBEerences with respect to umts and 
zeros, and the numbers used for their numerical specification. 
If we apply the notions of statistical mechamcs to such bodies 
as we usually consider m thermod3aiamics, for which the 
kmetic energy is of the same order of magnitude as the umt 
of energy, but the number of degrees of freedom is enormous, 
the values of @, de/dlogFJ and de/d^ will be of the same 
order of magmtude as 1/n, and the variable part of log T, 
and <t> will be of the same order of magmtude as w f K these 
quantities, therefore, represent m any sense the notions of tem- 
perature and entropy, they will nevertheless not be measured 
in units of the usual order of magmtude, — a fact which must 
be borne m mind m determinmg what magnitudes may be 
regarded as msensible to human observation 
Now nothing prevents our supposmg energy and time m 
our statistical formulae to be measured in such umts as may 

* It 18 assumed — and without this assumption the theorem ^ould hare 
no distinct meaning — that the part of the ensemble considered may he 
regarded as having separate energy 

t See equations (124), (288), (289), and (314) , also page 106 
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be convenient for physical purposes. But when these units 
have been chosen, the numerical values of 0, dejdlogV^ 
d€fd<l>j 17, log V] <j>, are entirely detemuned,* and m order to 
compare them with temperature and entropy, the numerical 
values of which depend upon an arbitrary umt, we must mul- 
tiply all values of 0, de/dlogV^^ deld(f> by a constant 
and divide all values of log F; and by the same constant 
This constant is the same for all bodies, and depends only on 
the umts of temperature and energy which we employ. For 
ordinary umts it is of the same order of magmtude as the 
numbers of atoms m ordinary bodies 

We are not able to determine the numencal value of Z", 
as it depends on the number of molecules m the bodies with 
which we expenment To fix our ideas, however, we may 
seek an expression for this value, based upon very probable 
assumptions, which will show how we would naturally pro- 
ceed to its evaluation, if our powers of observation were fine 
enough to take cognizance of mdividual molecules 

If the unit of mass of a monatomic gas contains v atoms, 
and it may be treated as a system oi Sp degrees of free- 
dom, which seems to be the case, we have for canomcal 
distribution 

i=»’ w 

If we write T for temperature, and for the specific heat of 
the gas for constant volume (or rather the hmit toward 
which this specific heat tends, as rarefaction is indefinitely 
increased), we have 

^=«., ( 192 ) 

smce we may regard the energy as entirely kmetic. We may 
set the of this equation equal to the e, of the preceding, 

« The unit of tune only affects the last three quantities, and these only 
by an additive constant, which disappears (with the additive constant of 
entropy), when differences of entropy are compared with their statistical 
analogues See page 19 
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where indeed the individual values of which the avera>ge is 
taken would appear to human observation as This 

gives 

d® _ 2c, 

dT~'s7' 


whence 


1 2c, 

( 493 ) 


a value recognized by physicists as a constant mdependent of 
the kind of monatomic gas considered. 

We may also express the value of JTm a somewhat different 
form, which corresponds to the indirect method by which 
physicists are accustomed to determme the quantity c,. The 
kmetic energy due to the motions of the centers of mnan of 
the molecules of a mass of gas sufficiently expanded is easily 
shown to be equal to 

ipv, 

where p and v denote the pressure and volume. The average 
value of the same energy m a canomcal ensemble of such 
a mass of gas is 

3 0V, 


where v denotes the number of molecules m the gas. Equat- 
ing these values, we have 


whence 


pv = ®v, 
1 @ pv 


( 494 ) 

( 496 ) 


Now the laws of Boyle, Charles, and Avogadro may be ex- 
pressed by the equation 

pv = AvT, ( 496 ) 

where A is a constant dependmg only on the nmts in which 
energy and temperature are measured IjK, therefore, might 
be called the constant of the law of Boyle, Charles, and 
Avogadro as expressed with reference to the true number of 
molecules m a gaseous body. 

Smce such numbers are unknown to us, it is more conven- 
ient to express the law with reference to relative values. If 
we denote by M the so-called molecular weight of a gas, that 
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IS, a nmnber taken from a table of numbers proportional to 
the weights of various molecules and atoms, but having one 
of the values, perhaps the atomic weight of hydrogen, arbi- 
trarily made umty, the law of Boyle, Charles, and Avogadro 
may be written m the more practical form 

(497) 

where A' is a constant and m the weight of gas considered 
It is evident that 1 JS" is equal to the product of the constant 
of the law m this form and the (true) weight of an atom of 
hydrogen, or such other atom or molecule as may be given 
the value unity m the table of molecular weights 

In the following chapter we shall consider the necessary 
modifications m the theory of equihbrium, when the quantity 
of matter contained m a system is to be regarded as variable, 
or, if the system contains moie than one kind of matter, 
when the quantities of the several kmds of matter m the 
system are to be regarded as mdependently variable. This 
will give us yet another set of vanables in the statistical 
equation, correspondmg to those of the amphfied form of 
the thermodynamic equation 



CHAPTER XV. 

SYSTEMS COMPOSED OF MOLECULES 

The nature of material bodies is such that especial interest 
attaches to the dynamics of systems composed of a great 
number of entirely similar particles, or, it may be, of a great 
number of particles of several kmds, all of each kmd being 
entirely similar to each other. We shall therefore proceed to 
consider systems composed of such particles, whether m great 
numbers or otherwise, and especially to consider the statistical 
equihbnum of ensembles of such systems. One of the vanar 
tions to be considered in regard to such systems is a variation 
m the numbers of the particles of the various kmds which it 
contains, and the question of statistical equilibrium between 
two ensembles of such systems relates m part to the tendencies 
of the various kmds of particles to pass from the one to the 
other. 

First of all, we must define precisely what is meant by 
statistical equihbnum of such an ensemble of systems. The 
essence of statistical equilibrium is the permanence of the 
number of systems which fall within any given limits with 
respect to phase. We have therefore to define how the term 
“ phase ” IS to be understood in such cases. If two phases differ 
only in that certam entirely similar particles have changed 
places with one another, are they to be regarded as identical 
or different phases^ If the particles are regarded as mdis- 
tmgmshable, it seems in accordance with the spirit of the 
statistical method to regard the phases as identical. In fact, 
it might be urged that m such an ensemble of systems as we 
are considering no identity is possible between the particles 
of different systems except that of qualities, and if v particles 
of one system are described as entirely similar to one another 
and to 1/ of another system, nothing remains on which to base 
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the mdentification of any particular particle of the first system 
•with any particular particle of the second. And this would 
be true, if the ensemble of systems had a simultaneous 
objective existence. But it hardly apphes to the creations 
of the imagination. In the cases which we have been con- 
sidering, and m those which we shall consider, it is not only 
possible to conceive of the motion of an ensemble of gimilm 
tystems simply as possible cases of the motion of a single 
system, but it is actually in large measure for the sake of 
representmg more clearly the possible cases of the motion of 
a single system that we use the conception of an ftnflftmhlA 
of systems. The perfect sumlanly of several particles of a 
system wiU not m the least interfere with the identification 
of a particular particle in one case with a particular particle 
m another. The question is one to be decided in accordance 
■with the requirements of practical convenience in the discus- 
sion of the problems with which we are engaged 

Our present purpose -wiU often require us to use the terms 
fhate, dermt^-^rirphase, statigtieal equilibrium, and other con- 
nected terms on the supposition that phases aie not altered 
by the exchange of places between s imilar particles Some 
of the most important questions 'with which we are concerned 
have reference to phases thus defined. We shall call thAm 
phases determined by generic defimtions, or bnefiy, genenc 
phases But we shall also be obhged to discuss phases de- 
fined by the narrower defimtion (so that exchange of position 
between similar particles is regarded as changing the phase), 
which will be called phases detenmned by specific defimtions, 
or bnefiy, specific phases For the analytical description of 
a specific phase is more simple than that of a genenc 
And it is a more simple matter to make a multiple mtegral 
extend over all possible specific phases than to make one extend 
•without repetition over all possible genenc phases. 

It IS e'vident that if vi, va . . are the numbers of the dif- 
ferent kmds of molecules m any system, the number of specific 
phases embraced m one genenc phase is represented by the 
contmued product (j^ \t^ jy*, and the coefidcient of probabil- 
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ity of a genenc phase is the sum of the probabilitjr-coef&cieiits 
of the specific phases which it represents. When these are 
equal among themselves, the probabihty-coef&cient of the gen- 
enc phase is equal to that of the specific phase multiphed by 
lii* • • lii: ^ evident that statistical equilibnum 

may subsist with respect to genenc phases without statistical 
eqmlibnmn with respect to specific phases, but not vice versa 
Similar questions anse where one particle is capable of 
several eqmvalent positions. Does the change from one of 
these positions to another change the phase? It would be 
most natural and logical to make it affect the specific phase, 
but not the genenc. The number of specific phases contained 
m a genenc phase would then be |i^ ki^ * • • tiii where 
/Cj, . . . denote the numbers of equivalent positions belong- 
mg to the several kinds of particles The case in which a /c is 
infimte would then require especial attention. It does not 
appear that the resulting comphcations in the formulae would 
be compensated by any real advantage. The reason of this is 
that m problems of real interest equivalent positions of a 
particle will always be equally probable. In this respect, 
equivalent positions of the same particle are entirely unlike 
the [^different ways m which v particles may be distnbuted 
in V different positions. Let it therefore be understood that 
in spite of the physical equivalence of different positions of 
the same particle they are to be considered as constituting a 
difference of genenc phase as well as of specific. The number 
of specific phases contained in a genenc phase is therefore 
always given by the product \]^\}^ • • • 

Instead of considering, as in the preceding chapters, en- 
sembles of systems differing only in phase, we shah now 
suppose that the systems constituting an ensemble are com- 
posed of particles of various kinds, and that they differ not 
only m phase but also in the numbers of these particles which 
they contain. The external codrdinates of ah the systems m 
the ensemble are supposed, as heretofore, to have the same 
value, and when they vary, to vaiy together. For distinction 
we may caU such an ensemble a grand ensemlle, and one in 
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whicli the systems differ only m phase a petit ensemble A 
grand ensemble is therefore composed of a multitude of petit 
ensembles The ensembles which we haye hatherto discussed 
are petit ensembles. 

Let I'j, . . . 1/;^, etc, denote the numbers of the different 
tmds of particles m a system, e its energy, and g'j , . 

Pu .p^ its coordinates and momenta If the particles are of 
the nature of material pomts, the number of coordinates (n) 
of the system will be equal to 8^1 . . . But if the parti- 

cles are less simple m their nature, if they are to be treated 
as rigid sohds, the orientation of which must be regarded, or 
if they consist each of several atoms, so as to have more than 
three degrees of freedom, the number of coordinates of the 
system wiU be equal to the sum of I'j, *'2? etc., multiplied 
each by the number of degrees of freedom of the kind of 
particle to which it relates. 

Let us consider an ensemble m which the number of 
systems having I'j, . . Vj^ particles of the several kinds, and 
havmg values of their coordinates and momenta lymg between 
the limits and + dq^^ p^ and p^ + dp ^ , etc., is represented 
by the expression 


Ke ® 

( 498 ) 

•where axe constants, JT denoting the total 

number o£ systems m the ensemble. The expression 






^ ^ ( 499 ) 

in b 

e-Tidently represents the densily-m-phase of the ensemble 
withm the limits descnbed, that is, for a phase specifically 
defined. The expression 




b -b 


( 600 ) 



SYSTEMS COMPOSED OF MOLECULES 


191 


is therefore the probabihty-coefficient for a phase specifically 
defined. This has evidently the same value for all the 
|i^ . . . [i^ phases obtained by mterchanging the phases of 
particles of the same kind. The probability-coefficient for a 
generic phase will be [15^. . . tunes as great, viz , 


\ ® ( 501 ) 


We Rha.n say that such an ensemble as has been described 
is canomccully distributed^ and shall call the constant @ its 
modulus It IS evidently what we have called a grand ensem- 
ble The petit ensembles of which it is composed are 
canomcally distributed, according to the defimtions of Chapter 
rV, smce the expression 


In • • [n 


( 502 ) 


18 constant for each petit ensemble. The grand ensemble, 
therefore, is m statistical eq^uilibnum with respect to specific 
phases 

If an ensemble, whether grand or petit, is identical so far 
as generic phases are concern^ with one canonically distiib- 
uted, we shall say that its distribution is canomcal with 
respect to generic phases Such an ensemble is evidently in 
statistical equfiibnum with respect to generic phases, although 
it may not be so with respect to specific phases 

If we write H for the mdex of probability of a generic phase 
m a grand ensemble, we have for the case of canonical 
distribution 


H = 


Q + /i>i n 


+ — e 


(50i^; 


It wiU be observed that the H is a linear function of e and 
. Vh9 also that whenever the mdex of probability of 
generic phases in a grand ensemble is a hnear function of 
e, vj, . . . the ensemble is canonically distributed with 
respect to generic phases 
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The constant fl we may regard as determined by the 
equation 


JYz 

or 


aU — ' 1 r-n-H ' 


Min /*>»a 


»u * 

— ' — phaaei 


where the mtiltiple sum mdicated by 2,j . . 2,^ includes all 
tenns obtamed by givvag to each of the symbols vi all 

mtegral values from zero upward, and the multiple mtegral 
(which 18 to be evaluated separately for each term of the 
multiple sum) is to be extended over all the (specific) phases 
of the ^stem havmg the specified numbers of particles of the 
various kinds. The multiple integral m the last situation is 

—4 

what we have represented by e ® See equation (92). We 
may therefore wnte 


a ® = ^ (606) 

It should he observed that the summation mcludes a term 
m which all the symbols vj vj, have the value zero. We 
must therefore recognize m a certain sense a system consistmg 
of no particles, which, although a barren subject of study in 
itselfi caimot well be excluded as a particular case of a system 
of a variable number of particles. In this case e is constant, 
and there are no integrations to be performed. We have 
tberefore* 

-1 

te, ^ = 6 


* Thu conclunon may appear a little strained The original deflution 

W ^ to systems of lo degrees of 

fteed^ We may therefore prefer to regard these egnations as 
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The value of e, is of course zero in this ease. But the 
value of e, contains an arbitraiy constant, which is generally 
determined by considerations of convemence, so nn/l e 

do not necessarily vanish with , . . . 

Unless — Qf has a fimte value, our formulae become lUusory 
We have already, in considering petit ensembles canonically 
distributed, found it necessary to exclude cases m which — 
has not a finite value.* The same exclusion would here 
make — -yfr fimte for any fimte values of i/j . . . This does 
not necessarily mate a multiple series of the form (606) fimte 
We may observe, however, that if for all values of i/j . . vj, 


— V' = *i I'lj • • +0* v*, 

where Cj, . . c* are constants or functions of 0, 


t. e., 


t. e . 




< 2^^ . . . 2^ - 


lil • \v\ 


Cq 

C <6 2, 


Mi+Ci 




a 

"e 


'^1 lli 

Co ihr¥<k 

.5 .e ® 


■ . . . 2 . 


^ © 


C w 

^ « e . . « 

W+Cl /«»+c» 


_5<f2+e e 

@ = 


. + C 


(507) 


(608) 


The yalue of — fl will therefore be finite, when the condition 
(507) IS satisfied. If therefore we assume that — fl is fimte, 
we do not appear to exclude any cases which are analogous to 
those of nature.t 

The interest of the ensemble which has been described lies 
in the fact that it may be m statistical equilbnum, both in 

* See Chapter IV, page 86 

t If the external coordinatea determine a eertam Toluxne within which the 
aystem is confned, the contrary of (607) would imply that we could obtain 
an infinite amount of work hy crowding an infinite quantity of matter into a 
finite volume 
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respect to exchange of energy and exchange of particles, mth 
other grand ensembles canonically distributed and havmg the 
same values of 0 and of the coefficients /Aj, > when the 

circumstances are such that exchange of energy and of 
particles are possible, and when equihbnmn would not sub- 
sist, were it not for equal values of these constants m the two 
ensembles 

With respect to the exchange of energy, the case is exactly 
the same as that of the petit ensembles considered m Chapter 
IV, and needs no especial discussion. The question of ex- 
change of particles is to a certam extent analogous, and may 
be treated in a somewhat similar manner Let us suppose 
that we have two grand ensembles canomcally distributed 
with respect to specific phases, with the same value of the 
modulus and of the coefficients » and let us consider 

the ensemble of all the systems obtamed by combinmg each 
system of the first ensemble with each of the second 

The probabihty-coefficient of a generic phase m the first 
ensemble may be expressed by 




( 609 ) 


The probabiliiy-coeffilcient of a specific phase will then be 
expressed by 


e 



1 


( 510 ) 


since eacli genenc phase comprises | \i^ specific phases 
In the second ensemble the piobabihty-ooefficients of the 
genetic and specific phases wfil be 






( 611 ) 


and 




( 612 ) 
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The probabihty-coef&cient of a generic phase in the third 
ensemble, which consists of systems obtained by regarding 
each system of the first ensemble combined with each of the 
second as forming a system, will be the product of the proba- 
bihty-coefficients of the generic phases of the systems com- 
bmed, and will therefore be represented by the formula 


e ® (613) 

where fl"' = 11' + e'" = e' + c", vi"' = + vi", etc It 

will be observed that i/i'", etc., represent the numbers of 
particles of the various kmds m the third ensemble, and e"' 
its energy , also that ft'" is a constant. The third ensemble 
IS therefore canomcally distributed with respect to generic 
phases. 

If all the systems m the same generic phase in the third 
ensemble were equably distributed among the | n'" . . . spe- 
cific phases which are comprised m the generic phase, the prob- 
abihty-coefficient of a specific phase would be 





In fact, however, the probability-coefficient of any specific 
phase which occurs in the third ensemble is 





(616) 


which we get by multiplymg the probabihty-coefficients of 
specific phases m the first and second ensembles. The differ- 
ence between the formulae (514) and (515) is due to the fact 
that the generic phases to which (513) relates include not 
only the specific phases occumng m the third ensemble and 
havmg the probabihty-coefficient (515), but also all the 
specific phases obtamed from these by mterchange of similar 
particles between two combmed systems. Of these the proba- 
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bdity-coefficient is evidently zero, as they do not occur in the 
ensemble 

Now this thud ensemble is m statistical equilibnum, with 
respect both to specific and generic phases, since the ensembles 
from which it is formed are so. This statistical equihbnum 
IS not dependent on the equahty of the modulus and the co-ef5- 
cients Ml , . tihe first and second ensembles It depends 

only on the fiict that the two original ensembles were separ- 
ately m statistical equilibnum, and that there is no interaction 
between them, the combining of the two ensembles to form a 
third bemg purely nominal, and mvolvmg no physical connec- 
tion. This mdependence of the systems, determined physically 
by forces which prevent particles from passing from one sys- 
tem to the other, or coming withm range of each other’s action, 
IS represented mathematically by infin ite values of the energy 
for particles in a space dividmg the systems. Such a space 
may be called a diaphragm. 

If we now suppose that, when we combme the systems of 
the two original ensembles, the forces are so modified that the 
energy is nc longer mfimte for particles in aU the space form- 
ing the diaphragm, but is diminished m a part of this space, 
so that it IS possible for particles to pass from one system 
to the other, this wdl involve a change m the function e'" 
which represents the energy of the combmed systems, and the 
equation c'" = ^ + «" wiU no longer hold Now if the co- 
efdcient of probability m the third ensemble were represented 
by (613) with new function e'", we should have statistical 

equihbnum, with respect to genenc phases, although not to 
specific. But this need mvolve only a tnfiing change m the 
distnbution of the third ensemble,* a change represented by 
the addition of comparatively few systems in which the trans- 
ference of particles is taking place to the immense number 


* It wjU l)e observed that, so far as the distribution is concerned, very 
large and indnite values of « (for certain phases) amount to nearly the same 
thing,— one representmg the total and the other the nearly total exclusion 
of the phases in question An inflmte change, therefore, in the value of t 
(for certam phases) may represent a vamshing change in the distribution 



SYSTEMS COMPOSED OF MOLECULES 197 

obtained by combining the two ongmal ensembles. The 
difference between the ensemble which would be m statistical 
equilibrium, and that obtamed by combining the two original 
ensembles may be dimmished without limit, while it is still 
possible for particles to pass from one system to another In 
this sense we may say that the ensemble formed by combining 
the two given ensembles may still be regarded as in a state of 
(approximate) statistical equihbnum with respect to generic 
phases, when it has been made possible for particles to pass 
between the systems combined, and when statistical equilibrium 
for specific phases has therefore entirely ceased to exist, and 
when the equilibrium for generic phases would also have 
entirely ceased to exist, if the given ensembles had not been 
canomcaUy distributed, with respect to generic phases, with 
the same values of 0 and /t^, . . . 

It IS evident also that considerations of this kmd will apply 
separately to the several kmds of particles. We may dunimsh 
the energy in the space forming the diaphragm for one kind of 
particle and not for another This is the mathematical ex- 
pression for a seimpermeable’^ diaphragm The condition 
necessary for statistical equihbnum where the diaphragm is 
permeable only to particles to which the su ffix ( relates 
will be fulfilled when and 0 have the same values in the 
two ensembles, although the other coefficients /ig? ®tc., may be 
different. 

This important property of grand ensembles with canomcal 
distribution will supply the motive for a more particular ex- 
ammation of the nature of such ensembles, and especially of 
the comparative numbers of systems m the several petit en- 
sembles which make up a grand ensemble, and of the average 
values m the grand ensemble of some of the most important 
quantities, and of the average squares of the deviations from 
^ese average values. 

The probability that a system taken at random from a 
grand ensemble canonically distributed will have exactly 
i/j, . .vj^ particles of the vanous kmds is expressed by the 
multiple mtegral 
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O+Min 



b 


^Pi 


^n, 


( 616 ) 


or 


^+A*iyi 

b ‘b 


(617) 


This may be called the probability of the petit flTiHflTwT^lo 
(vi, . , . yj) The sum of all such probabilities is evidently 
unity T:^t IS, 


5v, • • . 


e 


e 


b • b 


= 1, 


(618) 


which agrees with (506). 

The average value m the grand ensemble of any quantity 
u, IS given by the formula 

“ = . dp,...dq, (619) 

If ^ IS 8i functioii of m * • Vj^ alone, t e , if it has the same 
value m all systems of any same petit ensemble, the formula 
reduces to 

^+Atiyi 

0 

« = S,, . . . (520) 

Again, if we write tt]gnu,a and «}pe(it to distmguish averages in 
the grand and petit ensembles, we shall have 


O+Mivi 

e 


^gnuii — Xi • • • Xj^ i^peUt 


(621) 


In this chapter, in which we are treating of grand en- 
sembles, u will always denote the average for a grand en- 
semble. In the preceding chapters, u has always denoted 
the average for a petit ensemble 



SYSTEMS COMPOSED OF MOLECULES. 


199 


Equation (605), which, we repeat in a slightly different 
form, viz.. 








( 522 ) 


shows that fl is a function of @ and /ll^ • • • ; also of the 

external coordinates a 2 , etc., which are inyolved implicitly 
in €. If we differentiate the equation regarding all these 
quantities as variable, we have 


h 

all 

d@ r e)<g 

...j 


Ml*'l • ■ 




+ ^2v , 
^ ® 1 


aU 






-d'p^...dq^ 




pluuBea 

~ etc. (523) 

n 

If we multiply this equation by and set as usual 
etc., for — de/da^^ — de/da^, etc., we get in virtue of the law 
expressed by equation (519), 

d/xi ~ d^3 ^ 


da, ^ . d^a , , . 

+ -^ + -^ ^2 + etc. i 
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that IS, 

do = ° ^ ~ ^ d® - S vi — S 

Smce equation (|503^ giTes 

Q + Mi~i +/l»y^ — e 

® — 2;, 

the pieceding equation naay be 'vmtten 

do = Hd® — 2 »'id/»i “ S doj. 
Again, equation (526) gives 

do + 2 /(I d?i + S vi dfix — de = ® dH + H d®. 
Eliminating dQ from these equations, we get 
de = — ®dH + S/it dvi — S Aii doi 
If we set "S' = € + ® H, 

d*^ = de + ® dH + H d®, 
we have d4' = Hd® + — SJiddi. 

The corresponding thermodynamic equations are 
de = 2’di;+ S/iidm^ — SAidzi, 

^ = e — Til, 

dtl; = —iidT+ Sftidmi — SAiddi. 


( 626 ) 


(626) 

(627) 

(628) 

(629) 

(630) 

(631) 

(632) 

(633) 

(634) 
(636) 


These are derived from the thermodynamic equations (114) 
and (117) by the addition of the terms necessary to tahe ac- 
count of variation m the quantities (ot^, m^, etc) of the 
several substances of which a body is composed. The cor- 
respondence of the equations is most perfect when the com- 
ponent substances are measured m such umts that m^, ntj, 
etc , are proportional to the numbers of the different Trmdn 
of molecules or atoms The quantities Uj, etc , in these 
thermodynamic equations may ^ defined as differential coeffi- 
cients by either of the equations in which they occur* 


* Compare X'lanaactions Conneofaout Academy, Vol HI, pages 116 ff 


SYSTEMS COMPOSED OF MOLECULES 


201 


If we compare the statistical equations (529) and (632) 
with (114) and (112), which are given m Chapter IV, and 
discussed m Chapter XIV, as analogues of thermody- 
namic equations, we find considerable difference. Beside the 
terms corresponding to the additional terms m the thermo- 
dynamic equations of this chapter, and beside the fact that 
the averages are taken m a grand ensemble in one case 
and m a petit in the other, the analogues of entropy, H 
and i;, are quite different m defimtion and value. We shall 
return to this pomt after we have detennmed the order 
of magmtude of the usual anomalies of ... 

If we differentiate equation (618) with respect to /ft, and 
multiply by 0, we get 


2j 


fdCl . \i 


O +Miyi 

e 

In • ♦ » [»», 


= 0 , 


(636) 


irhence dQfdiii = — which agrees with (527). DifEeren- 
tiatuig again, with respect to and to and setting 


do — — 

d^i~ d/t,~ *'*’ 


we get 


a+Min 

e 


(637) 


o+nn +M»nH' 


/ d*0 

*’* \d/ndfi. 


(vi— n)(n— n) Y 
0 ) 


in • -lis 


:0 (638) 


The first members of these equations represent the a-verage 
values of the quantities in the principal parentheses. We 
have therefore 


(n — vi)* = n* — n* = — ® = * 


dvi 


(639) 


(n— n) (n — n) = n n — n n = — ® 


<Po 

dfudfi. 


— =0 — 
d/H dni 


(640) 
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From equation (589) we may get an idea of the order of 
magmtude of the divergences of from its average value 
in the ensemble, when that average value is great The 
equation may be written 


(vi — vi)^ ® 

vi dixi 


(541) 


The second member of this equation will in general be small 
when is great. Large values are not necessarily excluded, 
but they must be conned within very small lunits with re- 
spect to /I. For if 


(vi — Vi)^ 
-2 



(542) 


for all values of between the limits /jl^ and we shall 
have between the same bmits 


and therefore 


— dvi > dfliy 
vit 



(643) 

(544) 


The difference is therefore numerically a very small 

quantity. To form an idea of the importance of such a 
difference, we should observe that m formula (498) fjui is 
multiphed by and the product subtracted from the energy 
A very small difference m the value of may therefore be im- 
portant. But smce 1/0 is always less than the kmetic energy 
of the system, our formula shows that — yu^', even when 
multiphed by jq' or i/j", may still be regarded as an insensible 
quantity. 

We can now perceive the leading characteristics with re- 
spect to properties sensible to human faculties of such an en- 
semble as we are considermg (a grand ensemble canomcally 
distributed), when the average numbers of particles of the vari- 
ous kmds are of the same order of magnitude as the number 
of molecules m the bodies which are the subject of physical 
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expeximent. Although the ensemble contains systems haying 
the widest possible variations in respect to the numbers of 
the particles which they contain, these variations are practi- 
cally contained within such narrow limits as to be insensible, 
except for particular values of the constants of the ensemble. 
This exception corresponds precisely to the case of nature, 
when certain thermodynamic quantities corresponding to @, 
/i.1, /Aj, etc., which in general determine the separate densities 
of various components of a body, have certain values which 
make these densities indeterminate, in other words, when the 
conditions are such as determine coexistent phases of matter. 
Except in the case of these particular values, the grand en- 
semble would not differ to human faculties of perception from 
a petit ensemble, viz., any one of the petit ensembles which it 
contains in which ^2? ^tc., do not sensibly differ from their 
average values. 

Let us now compare the quantities H and 7;, the average 
values of which (in a grand and a petit ensemble respectively) 
we have seen to correspond to entropy. Since 


and 


O + /xi vi . . . + jWjin — e 

n = — 9 

(s) 


H — 7; = 


© 

O -f /Al Vl . . . -f /U» — l/r ^ 

@ 


(545) 


A part of this difference is due to the fact that H relates to 
generic phases and rj to specific. If we write 7 ?gen for the 
index of probability for generic phases in a petit ensemble, 
we have 


Vgen = V + log |n . . . [va , 

H — *7 = H — TJgen + log [1 ^ . . . [vA > 


(546) 

(547) 


„ 4“ iUiVi. .4 -MaVa— l/r 

Vgen — ^ 


log [1^ 


In. (548) 


This is the logarithm of the probability of the petit en- 
semble {v-^, . » If we set 


* See formula (617). 
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isLZi-r, 

-which conesponds to the equation 


ijf — € ^ 


0 




we have 


and 


H — !?,« = 


= ^ + ® log |i^ . 1>^, 

Q + /tin • * + fthVk — fm 


This will ha-ve a maxunum when * 


etc 


( 549 ) 

( 660 ) 

( 661 ) 

( 662 ) 


Distmguishing values coiresponding to this maximum by 
accents, we have approximately, when .. Vf^ oxe of the 
same order of magnitude as the numbers of molecules m oidi- 
naiy bodies, 


H- 


* • 


Q + • 4- w* — 


0 

_ o + pii'i + /‘■t/'h — 

0 

(^n)* ( d Vtw Y AviAv, / (^y>)* 

\ J 20 \dvidvi/ 0 \ dv/^ J 2® ’ 

(663) 


_f £!ig£V 

\ / 2 ® \dyidi/^/ 




\dr^*) 


2 e 


( 664 ) 
( 666 ) 
( 666 ) 

This is the piobabilily of the system (^i . . . v*). The prob- 
abil-ty that the -val-nes of , v/, lie -within given hmits is 

given by the multiple integral 


where C = 

0 * 

and Avi = vi — vi', Ava = V* — va^ ®tc 


* Stnctl 7 speaking, is not determined as function of r^, except 

for mtegral yalues of these yanables Yet we may suppose it to be deter* 
mmed as a contmuons function by any suitable process of interpolation 
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r rgOe^yd^ J ^2^ e ■■■ Kdn^/ 2e dvi...dv^. 

(657) 

This shows that the distribution of the grand ensemble with 
respect to the values of v^. . . p* follows the “ law of errors ” 
when Vj ', . . ■ are very great The value of this integral 
for the limits ± oo should be unity. This gives 


/<P<^Ke. Y (Ai»i)» / (P»|igen VAnAyz / (^g.nY(An)^ 

V / 20 \dv 1 dv 2 ) 0 * ’ \ dvj^ / 20 ^ 




(2v®)*_^ 


or 

c = 

= ilogD-2log(2^®), 




V / 

/ \dvidv2 J > 

^dvidvj^J 

where I> = 

\dv2dvl 

)'(%)' ( 

K^dvadv^J 


\ 


\dv^dvx 

Y 

) \dvidvtj 

f^Vg-nY 
V dv,^ J 


( 

\dv^j 

fd|^^\ 

\dvj 

fdt^^y 

■ \dyj 

that is, I> = 

( 

J 

\ dv2 J 

f dfi^y 
' \dvHj 


” 


(d^,y 

\dvj 

( dit-%y 

\dvj 

■ im 


Now, by ( 558 ), we have for the first approximation 

H — i log i> — I log (2ir®), (662) 

and if we divide by the constant K* to reduce these quanti- 
ties to the usual unit of entropy, 

log D - A log (2v®) 

— X O' '• 


^ See page 184-186. 


206 


SYSTEMS COMPOSED OF MOLECULES 


This IS evidently a negligible quantity, since K is of the same 
Older of magmtude as the number of molecules m ordinary 
bodies. It IS to be observed that ^igea is here the average in 
the grand ens^ble, whereas the quantity which we wish to 
compare with H is the average in a petit ensemble But as we 
have seen that m the case considered the grand ensemble would 
appear to human observation as a petit ensemble, this dis- 
tmction may be neglected. 

The differences therefore, in the case considered, between the 
quantities which may be represented by the notations * 

are not sensible to human faculties The difference 

= In. • 

and IS therefore constant, so long as the numbers . vj^ 
are constant For constant values of these numbers, therefore, 
it IS immaterial whether we use the average of or of tf for 
entropy, smce this only affects the arbitrary constant of in- 
tegration which IS added to entropy. But when the numbers 
Vj, . . are varied, it is no longer possible to use the index 
for specific phases For the principle that the entropy of any 
body has an arbitrary additive constant is subject to limi- 
tation, when different quantities of the same substance are 
concerned In this case, the constant being determined for 
one quantity of a substance, is thereby determmed foi all 
quantities of the same substance 

To fix our ideas, let us suppose that we have two identical 
flmd masses m contiguous chambers. The entropy of the 
whole is equal to the sum of the entropies of the parts, and 
double that of one part Suppose a valve is now opened, 
making a commumcation between the chambers. We do not 
regard this as making any change m the entropy, although 
the masses of gas or hquid diffuse mto one another, and al- 
though the same process of diffusion would mcrease the 

* In this paragraph, for greater distinctness, and 

been written for the quantities which elsewhere are denoted by H and if 
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entropy, if the masses of fluid were different. It is evident, 
therefore, that it is equilibrium with respect to generic phases, 
and not with respect to specific, with which we have to do in 
the evaluation of entropy, and therefore, that we must use 
the average of H or of and not that of 9;, as the equivar 
lent of entropy, except in the thermodynamics of bodies in 
which the number of molecules of the various kinds is 
constant. 
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discusses work of Riemann, Kirchhoff, Volterra, and author’s own research on hyperbolic 
case in linear partial differential equations. Extends spherical cylindrical waves to apply 
to all (normal) hyperbolic equations. Partial contents; Cauchy’s problem, fundamental for- 
mula, equations with odd number, with even number of independent variables; method of 
descent. 32 figures, iii -f 316pp. 53/8 x 8. S105 Paperbound $1.75 


CATALOGUE OF 


NUMBER THEORY 


INTRODUCTION TO THE THEORY OF NUMBERS, L E Dickson Thorough, comprehensive, witn 
adequate coverage of classical literature Not beyond beginners Chapters on divisibility, 
congruences quadratic residues and reciprocity, Diophantine equations, etc Full treatment 
of binary quadratic forms without usual restriction to integral coefficients Covers infinitude 
of primes, Fermat s theorem, Legendre s symbol automorphs. Recent theorems of Thue, 
Siegal, much more Much material not readily available elsewhere 239 problems 1 figure 
VIII + 183PP 5% X 8 S342 Paperbound 65 

ELEMENTS OF NUMBER THEORY, I M Vinogradov Detailed 1st course for persons without 
advanced mathematics, 95% of this book can be understood by readers who have gone 
no farther than high school algebra Partial contents divisibility theory, important number 
theoretical functions, congruences, primitive roots and indices, etc Solutions to problems, 
exercises Tables of primes indices, etc Covers almost every essential formula in ele 
mentary number theory' Welcome addition reads smoothly,” Bull of the Amer Math 
Soc 233 problems 104 exercises viii + 227pp 5% x 8 S259 Paperbound 60 


PROBABILITY THEORY AND INFORMATION THEORY 


SELECTED PAPERS ON NOISE AND STOCHASTIC PROCESSES, edited by Prof Nelson Wax, U of 
Illinois 6 basic papers for those whose work involves noise characteristics Chandrasekhar, 
Uhlenback and Ornstein, Uhlenbeck and Ming, Rice, Doob Included is Kac's Chauvenet 
Prize winning "Random Walk ” Extensive bibliography lists 200 articles, through 1953 21 
figures 337pp CVa x 9Va S262 Paperbound $2 35 

A PHILOSOPHICAL ESSAY ON PROBABILITIES, Marquis de Laplace This famous essay explains 
without recourse to mathematics the principle of probability, and the application of prob 
ability to games of chance, natural philosophy, astronomy, many other fields Translated 
from 6th French edition by F W Truscott, F L Emory Intro by E T Bell 204pp 5% x 8 

S166 Paperbound $1 25 

MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY, A I Khinchin For mathematicians, 
statisticians physicists cyberneticists communications engineers, a complete, exact intro 
duction to relatively new field Entropy as a measure of a finite scheme applications to 
coding theory study of sources channels and codes, detailed proofs of both Shannon 
theorems for any ergodic source and any stationary channel with finite memory, much more 
* Presents for the first time rigorous proofs of certain fundamental theorems quite 

complete amazing expository ability, ' American Math Monthly vii + 120pp 54% x 8 

S434 Paperbound $1 35 


VECTOR AND TENSOR ANALYSIS AND MATRIX THEORY 


VECTOR AND TENSOR ANALYSIS, G E Hay One of clearest introductions to increasingly 
important subject Start with simple definitions, finish with sure mastery of oriented 
Cartesian vectors, Christoffel symbols, solenoidal tensors Complete breakdown of plane, 
solid, analytical, differential geometry Separate chapters on application All fundamental 
formulae listed, demonstrated 195 problems 66 figures viii + 193pp 54% x 8 

S109 Paperbound 75 


APPLICATIONS OF TENSOR ANALYSIS, A J McConnell Excellent text for applying tensor 
methods to such familiar subjects as dynamics, electricity, elasticity, hydrodynamics Ex 
plains fundamental ideas and notation of tensor theory, geometrical treatment of tensor 
algebra, theory of differentiation of tensors and a wealth of practical material “The 
variety of fields treated and the presence of extremely numerous examples make this 
volume worth much more than its low price,” Alluminio Formerly titled “Applications of the 
Absolute Differential Calculus " 43 illustrations 685 problems xii + 381pp 

S373 Paperbound 85 


VECTOR AND TENSOR ANALYSIS, A P Wills Covers entire field, from dyads to non Euclidean 
manifolds (especially detailed), absolute differentiation, the Rlemann Christoffel and Ricci 
Einstein tensors calculation of Gaussian curvature of a surface Illustrations from electrical 
engineering, relativity theory astro physics, quantum mechanics Presupposes only working 
knowledge of calculus Intended for physicists, engineers, mathematicians 44 diagrams 
114 problems xxxii + 285pp 54% x 8 S454 Paperbound $1 75 
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DOVER SCIENCE BOOKS 
PHYSICS, ENGINEERING 

MECHANICS, DYNAMICS, THERMODYNAMICS, ELASTICITY 


MATHEMATICAL ANALYSIS OF ELECTRICAL AND OPTICAL WAVE-MOTION, H. Bateman. By one 

of century's most distinguished mathematical physicists, a practical introduction to develop- 
ments of Maxwell’s electromagnetic theory which directly concern the solution of partial 
differential equation of wave motion. Methods of solving wave-equation, polar-cylindrical 
coordinates, diffraction, transformation of coordinates, homogeneous solutions, electromag- 
netic fields with moving singularities, etc. 168pp. 53/8 x 8. S14 Paperbound $1.60 

THERMODYNAMICS, Enrico Fermi. Unabridged reproduction of 1937 edition. Remarkable for 

clarity, organization; requires no knowledge of advanced math beyond calculus, only familiar- 
ity with fundamentals of thermometry, calorimetry. Partial Contents: Thermodynamic sys- 
tems, 1st and 2nd laws, potentials; Entropy, phase rule; Reversible electric cells; Gaseous 
reactions: Van’t Hoff reaction box, principle of LeChatelier; Thermodynamics of dilute 
solutions: osmotic, vapor pressures; boiling, freezing point; Entropy constant. 25 problems. 

24 illustrations, x Hh 160pp. 53/a x 8. S361 Paperbound $1.75 

FOUNDATIONS OF POTENTIAL THEORY, 0. D. Kellogg. Based on courses given at Harvard, 
suitable for both advanced and beginning mathematicians, Proofs rigorous, much material 

here not generally available elsewhere. Partial contents: gravity, fields of force, divergence 
theorem, properties of Newtonian potentials at points of free space, potentials as solutions 
of LaPlace’s equation, harmonic functions, electrostatics, electric images, logarithmic po- 
tential, etc. ix + 384pp. 53/8 X 8 . S144 Paperbound $1.98 

DIALOGUES CONCERNING TWO NEW SCIENCES, Galileo Galilei. Classic of experimental science, 
mechanics, engineering, as enjoyable as it is important. Characterized by author as “superior 

to everything else of mine.” Offers a lively exposition of dynamics, elasticity, sound, ballistics, 

strength of materials, scientific method. Translated by H. Grew, A. de Salvio. 126 diagrams, 
xxi -t- 288pp. 5% X 8. S99 Paperbound $1.65 

THEORETICAL MECHANICS; AN INTRODUCTION TO MATHEMATICAL PHYSICS, J. S. Ames, F. D. 
Murnaghan. A mathematically rigorous development for advanced students, with constant 
practical applications. Used in hundreds of advanced courses. Unusually thorough coverage 
of gyroscopic baryscopic material, detailed analyses of Corilis acceleration, applications of 
Lagrange’s equations, motion of double pendulum, Hamilton-Jacobi partial differential equa- 
tions, group velocity, dispersion, etc. Special relativity included. 159 problems. 44 figures, 
ix + 462pp. X 8. S461 Paperbound $2.00 

STATICS AND THE DYNAMICS OF A PARTICLE, W. D. MacMillan. This is Part One of “Theoret- 
ical Mechanics.” For over 3 decades a self-contained, extremely comprehensive advanced 
undergraduate text in mathematical physics, physics, astronomy, deeper foundations of 
engineering. Early sections require only a knowledge of geometry; later, a working knowledge 
of calculus. Hundreds of basic problems including projectiles to moon, harmonic motion, 
ballistics, transmission of power, stress and strain, elasticity, astronomical problems. 340 
practice problems, many fully worked out examples. 200 figures, xvii -f 430pp. x 8. 

S467 Paperbound $2.00 

THE THEORY OF THE POTENTIAL, W. D. MacMillan. This is Part Two of "Theoretical Mechan- 
ics." Comprehensive, well-balanced presentation, serving both as introduction and reference 
with regard to specific problems, for physicists and mathematicians. Assumes no prior 
knowledge of integral relations, all math is developed as needed. Includes: Attraction of 
Finite Bodies; Newtonian Potential Function; Vector Fields, Green and Gauss Theorems; 
Two-la/er Surfaces; Spherical Harmonics; etc. “The great number of particular cases . . , 
should make the book valuable to geo-physicists and others actively engaged in practical 
applications of the potential theory,” Review of Scientific Instruments, xii + 469pp. 5% x 8. 

S486 Paperbound $2.25 

DYNAMICS OF A SYSTEM OF RIGID BODIES (Advanced Section), E. J. Routh. Revised 6th edi- 
tion of a classic reference aid. Partial contents; moving axes, relative motion, oscillations 
about equilibrium, motion. Motion of a body under no forces, any forces. Nature of motion 
given by linear equations and conditions of stability. Free, forced vibrations, constants of 
integration, calculus of finite differences, variations, procession and mutation, motion of 
the moon, motion of string, chain, membranes, 64 figures. 498pp. 5% x 8. 

S229 Paperbound $2.35 

THE DYNAMICS OF PARTICLES AND OF RIGID, ELASTIC, AND FLUID BODIES: BEING LECTURES 
ON MATHEMATICAL PHYSICS, A. G. Webster. Reissuing of classic fills need for comprehensive 
work on dynamics. Covers wide range in unusually great depth, applying ordinary, partial 
differential equations. Partial contents: laws of motion, methods applicable to systems of 
all sorts; oscillation, resonance, cyclic systems; dynamics of rigid bodies; potential theory; 
stress and strain; gyrostatics; wave, vortex motion; kinematics of a point; Lagrange’s equa- 
tions; Hamilton’s principle; vectors; deformable bodies; much more not easily found to- 
gether in one volume. Unabridged reprinting of 2nd edition. 20 pages on differential 
equations, higher analysis. 203 illustrations, xi -P 588pp. 53/8 x 8. S522 Paperbound $2.35 
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CATALOGUE OF 


PRINCIPLES OF MECHANICS, Heinrich Hertz A classic of great interest m logic of science 
Last work by great 19th century physicist, created new system of mechanics based upon 
space, time, mass, returns to axiomatic analysis, understanding of formal, structural 
aspects of science, taking into account logic, observation, a prion elements Of great 
historical importance to Poincar6, Carnap, Einstein, Milne 20 page introduction by R S 
Cohen, Wesleyan U , analyzes implications of Hertz’s thought and logic of science 13 page 
introduction by Helmholtz xlii + 274pp 5% x 8 S316 Clothbound $3 50 

S317 Paperbound 75 

MATHEMATICAL FOUNDATIONS OF STATISTICAL MECHANICS, A I Khinchm A thoroughly 
up-todate introduction, offering a precise and mathematically rigorous formulation of the 
problems of statistical mechanics Provides analytical tools to replace many commonly 
used cumbersome concepts and devices Partial contents Geometry, kinematics of phase 
space, ergodic problem, theory of probability, central limit theorem, ideal monatomic gas. 
foundation of thermodynamics, dispersion, distribution of sum functions, etc “Excellent 
introduction clear, concise, rigorous,” Quarterly of Applied Mathematics viii -f 179pp 
5% X 8 S146 Clothbound $2 95 

S147 Paperbound ?1 35 

MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION, R F Defmel, Prof of Me- 
chanical Engineering, Stevens Inst of Tech Elementary, general treatment of dynamics of 
rotation, with special application of gyroscopic phenomena No knowledge of vectors 
needed Velocity of a moving curve, acceleration to a point, general equations of motion, 
gyroscopic horizon, free gyro, motion of discs, the damped gyro, 103 similar topics Exer- 
cises 75 figures 208pp 5% x 8 S66 Paperbound SI 65 

MECHANICS VIA THE CALCULUS, P W Norris, W S Legge Wide coverage, from linear motion 
to vector analysis, equations determining motion, linear methods, compounding of simple 
harmonic motions, Newton’s laws of motion, Hooke’s law, the simple pendulum, motion of 
a particle in 1 plane, centers of gravity, virtual work, friction, kinetic energy of rotating 
bodies, equilibrium of strings, hydrostatics, sheering stresses, elasticity, etc Many worked 
out examples 550 problems 3rd revised edition xii -t- 367pp S207 Clothbound 13 95 


A TREATISE ON THE MATHEMATICAL THEORY OF ELASTICITY, A E H Love An indispensable 
reference work for engineers, mathematicians, physicists, the most complete, authoritative 
treatment of classical elasticity in one volume Proceeds from elementary notions of exten 
Sion to types of strain, cubical dilatation, general theory of strains Covers relation between 
mathematical theory of elasticity and technical mechanics, equilibrium of isotropic elastic 
solids and aelotropic solid bodies, nature of force transmission, Volterra’s theory of 
disloc^ions, theory of elastic spheres in relation to tidal, rotational, gravitational effects 
on earth, general theory of bending, deformation of curved plates, buckling effects, much 
more “The standard treatise on elasticity,” American Math Monthly 4th revised edition 
76 figures xviii + 643pp BVs x SVa S174 Paperbound ?2 95 


NUCLEAR PHYSICS, QUANTUM THEORY, RELATIVITY 


MESON PHYSICS, R E Marshak Presents basic theory, and results of experiments with em 
phasis on theoretical significance Phenomena Involving mesons as virtual transitions 
avoided, eliminating some of least satisfactory predictions of meson theory Includes pro 
duction study of tt mesons at nonrelativistic nucleon energies contracts between tt and a 

mesons, phenomena associated with nuclear interaction of tt mesons, etc Presents early' 

evidence for new classes of particles, indicates theoretical difficulties created by discovery 
of heavy mesons and hyperons viii -1- 378pp 5% x 8 S500 Paperbound 95 

principles OF QUANTUM MECHANICS, WITH ELEMENTARY APPLICATIONS* 
E C Kemble Inductive presentation, for graduate student, specialists in other branches of 
physics Apparatus necessary beyond differential equations and advanced calculus developed 
as needed Though general exposition of principles, hundreds of individual problems fully 
treated Excellent book of great value to every student rigorous and detailed 

succeeded in keeping his presentation clear and under 
standable, Dr Linus Pauiing, J of American Chemical Society i^pendices calculus of 
variations, math notes, etc 611pp 5% x 8% f472 Paperbound ?2 W 

WAVE PROPAGATION IN PERIODIC STRUCTURES, L Brillouin General method, application to 

Pfoblems pure physics— scattering of Xrays m crystals, thermal vibration in 

crystal lattices, electronic motion in metals, problems In electrical engineering Partial 
contents elastic waves along 1 dimensional lattices of point masses Propagation of waves 
along 1 dimensional lattices Energy flow 2, 3 dimensional lattices l^thleu’s equation 
l^tnces and propagation of waves along an electric line Continuous electric lines 131 
Illustrations xii -f 253pp 5% x 8 S34 Paperbound |1 89 
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DOVER SCIENCE BOOKS 


THEORY OF ELECTRONS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT 

P. X Lectures delivered at Columbia Univ , by Nobel laureate Unabridged, form 

historical coverage of theory of free electrons, motion, absorption of heat, Zeeman effect, 
optical phenomena In moving bodies, etc 109 pages notes explain more advanced sec- 
tions 9 figures 352PP 5% x 8 S173 Paperbound $1 85 

SELECTED PAPERS ON OUANTUM ELECTRODYNAMICS, edited by J Schwinger Facsimiles of 
papers which estajjlished quantum electrodynamics, beginning to present position as part 
of larger theory First book publication in any language of collected papers of Bethe, Bloch, 
Dirac, Dyson, Fermi. Feynman, Heisenberg, Kusch, Lamb, Oppenheimer, Pauli, Schwinger, 
Tomonoga, Weisskopf, Wigner, etc 34 papers 29 in English, 1 In French, 3 In German, 
1 In Italian Historical commentary by editor xvii -f 423pp SVs x 91/4 

S444 Paperbound $2 45 


FOUNDATIONS OF NUCLEAR PHYSICS, edited fiy R T Beyer 13 of the most important papers 
on nuclear physics reproduced In facsimile In the original languages, the papers most often 
cited n footnotes, bibliographies Anderson, Curie, Joliot, Chadwick, Fermi, Lawrence, Cock- 
r^t, Hahn, Yukawa Unparalleled bibliography 122 double columned pages, over 4,000 
articles, books, classified 57 figures 288pp 6Ve x 9V4 S19 Paperbound 51 75 


THE THEORY OF GROUPS AND GUANTUM MECHANICS, H Weyl Schroedinger’s wave equation, 
de Broglie’s waves of a particle, Jordon Hoelder theorem. Lie’s continuous groups of trans- 
formations, Pauli exclusion principle, quantization of Mawell Dirac field equations, etc 
Unitary geometry, quantum theory, groups, application of groups to quantum mechanics, 
symmetry permutation group, algebra of symmetric transformations, etc 2nd revised edi- 
tion xxil + 422PP 5% X 8 S268 Clothbound $4 50 

S269 Paperbound 51 95 


PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg Nobel laureate dis 
cusses quantum theory, his own workj Compton, Schroedinger, Wilson, Einstein, many 
others For physicists, chemists, not specialists in quantum theory Only elementary formulae 
considered In text, mathematical appendix for specialists Profound without sacrificInR 
clarity Translated by C Eckart, F Hoyt 18 figures 192pp 5% x 8 

S113 Paperbound 51 25 


INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, Albert Einstein Reprints 
from rare European journals, translated Into English 5 basic papers, including Elementary 
Theory of the Brownian Movement, written at request of Lorentz to provide a simple 
explanation Translated by A D Cowper Annotated, edited by R Fbrth 33pp of notes 
elucidate, give history of previous Investigations 62 footnotes I24pp 53^ x 8 

S304 Paperbound 5I 25 

THE PRINCIPLE OF RELATIVITY, E Einstein, H Lorentz, M Minkowski, H Weyl The U basic 
papers that founded the general and special theories of relativity, translated into English 
2 papers by Lorentz on the MIchelson experiment, electromagnetic phenomena Minkowski's 
“Space and Time,” and Weyl’s “Gravitation and Electricity ’’ 7 epoch making papers by Ein 
stein “Electromagnetics of Moving Bodies," “Influence of Gravitation in Propagation of 
Light,” “Cosmological Considerations,” “General Theory,” 3 others 7 diagrams Special 
notes by A Sommerfeld 224pp 5% x 8 S93 Paperbound 51 75 


STATISTICS 


ELEMENTARY STATISTICS, WITH APPLICATIONS IN MEDICINE AND THE BIOLOGICAL SCIENCES, 
F E, Croxton Based primarily on biological sciences, but can be used by anyone desiring 
introduction to statistics Assumes no prior acquaintance, requires only modest knowledge 
of math All basic formulas carefully explained, illustrated, all necessary reference tables 
Included, From basic terms and concepts, proceeds to frequency distribution, linear, non- 
linear, multiple correlation, etc Contains concrete exampies from medicine, bioiogy 101 
charts, 57 tables 14 appendices Iv + 376pp 5% x 8 S506 Paperbound 51 95 

ANALYSIS AND DESIGN OF EXPERIMENTS, H B Mann Offers method for grasping analysis of 
variance, variance design quickly Partial contents Chi square distribution, analysis of 
variance distribution, matrices, quadratic forms, likelihood ration tests, test of linear 
hypotheses, power of analysis, Galois fields, non orthogonal data, interblock estimates, etc 
15pp of useful tables x + 195pp 5 x 7^^ S180 Paperbound 5145 

FREQUENCY CURVES AND CORRELATION, W P. Elderton 4th revised edition of standard 
work on classical statistics Practical, one of few books constantly referred to for clear 
presentation of basic material Partial contents! Frequency Distributions, Pearsons Fre- 
quency Curves} Theoretical Distributions, Standard Errors, Correlation Ratio— Contingency; 
Corrections for Moments, Beta, Gamma Functions, etc Key to terms, symbols 25 examples 
40 tables 16 figures xi + 272pp SVz x 8V2 Clothbound 5M9 
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CATALOGUE OF 


HYDRODYNAMICS, ETC 


HYDRODYNAMICS, Horace Lamb Standard reference work on dynamics of liquids and gases 
Fundamental theorems, equations, methods, solutions, background for classical hydrody 
namics Chapters Equations of Motion, Integration of Equations in Special Gases, Vortex 
Motion, Tidal Waves, Rotating Masses of Liquids, etc Excellently planned, arranged. Clear, 
lucid presentation 6th enlarged, revised edition Over 900 footnotes, mostly bibliograph 
ical 119 figures xv 4- 738pp SVe x 9Va S256 Paperbound $2 95 

HYDRODYNAMICS, A STUDY OF LOGIC, FACT, AND SIMILITUDE, Garrett Birkhoff A stimulating 
application of pure mathematics to an applied problem Emphasis is on correlation of 
theory and deduction with experiment Examines recently discovered paradoxes, theory of 
modelling and dimensional analysis, paradox and error in flows and free boundary theory 
Classical theory of virtual mass derived from homogenous spaces, group theory applied 
to fluid mechanics 20 figures, 3 plates xiii + 186pp 5% x 8 S22 Paperbound SI 85 


HYDRODYNAMICS, H Dryden, F Murhaghan, H Bateman Published by National Research 
Council, 1932 Complete coverage of classical hydrodynamics, encyclopedic m quality 
Partial contents physics of fluids, motion, turbulent flow, compressible fluids, motion in 
1, 2 3 dimensions, laminar motion, resistance of motion through viscous fluid, eddy 

viscosity, discharge of gases, flow past obstacles, etc Over 2900 item bibliography 23 
figures 634pp SVe x 8 S303 Paperbound ^2 75 


ACOUSTICS AND OPTICS 


PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach Classical examination of propagation of light, 
color polarization, etc Historical, philosophical treatment unequalled for breadth and 
readability Contents Rectilinear propagation, reflection, refraction, dioptrics, composition 
of light periodicity, theory of interference, polarization, mathematical representation of 
properties, etc 279 illustrations 10 portraits 324pp 54b x 8 S170 Paperbound 75 

THE THEORY OF SOUND, Lord Rayleigh Written by Nobel laureate, classical methods here 

will cover most vibrating systems likely to be encountered in practice Complete coverage 
of experimental, mathematical aspects Partial contents Harmonic motions, lateral vibra 

tions of bars, curved plates or shells, applications of Laplace’s functions to acoustical 

problems fluid friction etc First low priced edition of this great reference study work 
Historical introduction by R B Lindsay 1040pp 97 figures 53/8 x 8 

S292, S293, Two volume set, paperbound ?4 00 

THEORY OF VIBRATIONS, N W McLachlan Based on exceptionally successful graduate 

course Brown University Discusses linear systems having 1 degree of freedom, forced 

vibrations of simple linear systems, vibration of flexible strings, transverse vibrations of 
bars and tubes, of circular plate sound waves of finite amplitude, etc 99 diagrams 160pp 
5% X 8 S190 Paperbound 35 

APPLIED OPTICS AND OPTICAL DESIGN, A E Conrady Thorough systematic presentation of 

physical and mathematical aspects, limited mostly to ‘real optics " Stresses practical 

problem of maximum aberration permissible without affecting performance Ordinary ray 

tracing methods complete theory ray tracing methods, primary aberrations, enough higher 
aberration to design telescopes, low powered microscopes photographic equipment Covers 
fundamental equations, extra axial image points, transverse chromatic aberration, angular 
magnification, similar topics Tables of functions of N Over 150 diagrams x + 518pp 
548 X 8% S366 Paperbound $2 98 

RAYLEIGH'S PRINCIPLE AND ITS APPLICATIONS TO ENGINEERING, G Temple, W BiCkley 

Rayleigh's principle developed to provide upper, lower estimates of true value of funda 
mental period of vibrating system, or condition of stability of elastic svstem Examples, 

rigorous proofs Partial contents Energy method of discussing vibrations, stability Per 

turbation theory, whirling of uniform shafts Proof accuracy, successive approximations, 
applications of Rayleigh s theory Numerical, graphical methods Ritz’s method 22 figures 
IX + 156pp 5% X 8 S307 Paperbound 50 

OPTICKS, Sir Isaac Newton In its discussion of light, reflection, color, refraction, theories 

of wave and corpuscular theories of light, this work is packed with scores of insights and 
discoveries In its precise and practical discussions of construction of optical apparatus, 
contemporary understanding of phenomena, it is truly fascinating to modern scientists 
Foreword by Albert Einstein Preface by I B Cohen, Harvard 7 pages of portraits, facsimile 

pages, letters etc cxvi -h 414pp 5% x 8 S205 Paperbound ?2 00 
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SENSATIONS OF TONE, Hermann Helmholtz Using acoustical physics, physiology, 
music, covers entire gamut of musical tone relation of music 
acoustics, physmal vs physiological acoustics, vibration, resonance, tonality, 
progression of parts, etc 33 appendixes on various aspects of sound, physics, acoustics, 
1 ®'^ Translated by A J Ellis New introduction by H Margenau, Yale 68 figures 43 
musical passages analyzed Over 100 tables xix + 576pp SV& x 91/4 

S114 Clothbound $4 95 


ELECTROMAGNETICS, ENGINEERING, TECHNOLOGY 

INTRODUCTION TO RELAXATION METHODS, F S Shaw Describes almost all manipulative re 
sources of value In solution of differential equations Treatment is mathematical rather 
than physical Extends general computational process to include almost all branches of 
applied math and physics Approximate numerical methods are demonstrated, although high 
accuracy is obtainable without undue expenditure of time 48pp of tables for computing 
irregular star first and second derivatives, irregular star coefficients for second order 
equations, for fourth order equations "Useful exposition is clear, simple no 

previous acquaintance with numerical methods is assumed," Science Progress 253 dia- 
grams 72 tables 400pp 5% x 8 S244 Paperbound $2 45 

THE ELECTROMAGNETIC FIELD, M Mason, W Weaver Used constantly by graduate engineers 
Vector methods exclusively, detailed treatment of electrostatics, expansion methods, with 
tables converting any quantity into absolute electromagnetic, absolute electrostatic, prac 
tical units Discrete charges, ponderable bodies Maxwell field equations, etc 416pp 
5% X 8 S185 Paperbound $2 00 

ELASTICITY, PLASTICITY AND STRUCTURE OF MATTER, R Hoiiwink Standard treatise on 
rheological aspects of different technically important solids crystals, resins, textiles, rubber, 
clay, etc Investigates general laws for deformations, determines divergences Covers gen 
eral physical and mathematical aspects of plasticity, elasticity, viscosity Detailed examina 
tion of deformations, internal structure of matter in relation to elastic, plastic behaviour, 
formation of solid matter from a fluid, etc Treats glass, asphalt, balata, proteins, bakers 
dough, others 2nd revised, enlarged edition Extensive revised bibliography m over 500 
footnotes 214 figures xvll + 368pp 6 x 91/4 S385 Paperbound $2 45 

DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T N Whitehead For the 
instrument designer, engineer, how to combine necessary mathematical abstractions with 
independent observations of actual facts Partial contents instruments and their parts, 
theory of errors, systematic errors, probability, short period errors, erratic errors, design 
precision, kinematic, semikinematic design, stiffness, planning of an instrument, human 
factor, etc 85 photos, diagrams xil + 288pp 53/^ x 8 S270 Paperbound $1 95 

APPLIED HYDRO- AND AEROMECHANICS, L Prandtl, 0 G Tietjens Presents, for most part, 
methods valuable to engineers Flow in pipes, boundary layers, airfoil theory, entry condi 
tions, turbulent flow, boundary layer determining drag from pressure and velocity, etc 
"Will be welcomed by all students of aerodynamics," Nature Unabridged, unaltered An 
Engineering Society Monograph, 1934 Index 226 figures 28 photographic plates illustrating 
flow patterns xvi + 311pp 5% x 8 S375 Paperbound $1 85 

FUNDAMENTALS OF HYDRO AND AEROMECHANICS, L Prandtl, 0 G Tietjens Standard work, 
based on Prandtl's lectures at Goettingen Wherever possible hydrodynamics theory is 
referred to practical considerations in hydraulics, unifying theory and experience Presents 
tion extremely clear Though primarily physical, proofs are rigorous and use vector analysis 
to a great extent An Engineering Society Monograph, 1934 "Still recommended as an 
excellent Introduction to this area," Physikallsche Blatter 186 figures xvi + 270pp 
5% x 8 S374 Paperbound $1 85 

GASEOUS CONDUCTORS THEORY AND ENGINEERING APPLICATIONS, J D Cobine Indispensable 
text, reference, to gaseous conduction phenomena, with engineering viewpoint prevailing 
throughout Studies kinetic theory of gases, Ionization, emission phenomena, gas breakdown, 
spark characteristics, glow, discharges, engineering applications in circuit interrupters, recti 
tiers, etc Detailed treatment of high pressure arcs (Suits), low pressure arcs (Langmuir, 
Tonks) Much more "Well organized, clear, straightforward," Tonks, Review of Scientific 
instruments 83 practice problems Over 600 figures 58 tables xx + 606pp 
5% X 8 S442 Paperbound $2 75 

PHOTOELASTICITY PRINCIPLES AND METHODS, H T Jessop, F C Harris For engineer, spe 
clfic problems of stress analysis Latest time saving methods of checking calculations in 
2 dimensional design problems, new techniques for stresses in 3 dimensions, lucid descrip 
tion of optical systems used in practical photoelectricity Useful suggestions, hints based 
on on the job experience Included Partial contents strain, stress strain relations, circular 
disc under thrust along diameter, rectangular block with square hold under vertical thrust, 
simply supported rectangular beam under central concentrated load, etc Theory held to 
minimum, no advanced mathematical training needed 164 illustrations vni -h 184pp 
6Ve X 9V4 S137 Clothbound $3 75 
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MICROWAVE TRANSMISSION DESIGN DATA, T Moreno Originally classified, now rewritten, 
enlarged (14 new chapters) under auspices of Sperry Corp Of immediate value or reference 
use to radio engineers, systems designers, applied physicists, etc Ordinary transmission 
line theory attenuation, parameters of coaxial lines flexible cables, tuneable wave guide 
impedance transformers, effects of temperature, humidity, much more "Packed with informa 
tion theoretical discussions are directly related to practical questions," U of Royal 
Naval Scientific Service Tables of dielectrics, flexible cable, etc ix + 248pp 5% x 8 

S549 Paperbound $1 50 

THE THEORY OF THE PROPERTIES OF METALS AND ALLOYS, H F Mott, H Jones Quantum 
methods develop mathematical models showing interrelationship of fundamental chemical 
phenomena wtih crystal structure, electrical, optical properties, etc Examines electron 
motion in applied field, cohesion, heat capacity, refraction, noble metals, transition and 
di valent metals, etc "Exposition is as clear mathematical treatment as simple and 

reliable as we have become used to expect of Prof Mott,” Nature 138 figures xiii + 
320PP 5% X 8 S456 Paperbound $1 85 

THE MEASUREMENT OF POWER SPECTRA FROM THE POINT OF VIEW OF COMMUNICATIONS 
ENGINEERING, R B Blackman, J W Tukey Pathfinding work reprinted from "Bell System 
Technical Journal " Various ways of getting practically useful answers in power spectra 
measurement, using results from both transmission and statistical estimation theory Treats 
Autocovariance, Functions and Power Spectra, Distortion, Heterodyne Filtering, Smoothing, 
Decimation Procedures, Transversal Filtering, much more Appendix reviews fundamental 
Fourier techniques Index of notation Glossary of terms 24 figures 12 tables 192pp 
5% X 8% S507 Paperbound $1 85 

TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell For more than 80 years 
a seemingly inexhaustible source of leads for physicists, mathematicians engineers Total 
of 1082pp on such topics as Measurement of Quantities, Electrostatics, Elementary Mathe 
matical Theory of Electricity, Electrical Work and Energy in a System of Conductors, Gen 
eral Theorems, Theory of Electrical Images, Electrolysis, Conduction, Polarization, Dielectrics, 
Resistance, much more "The greatest mathematical physicist since Newton," Sir James 
Jeans 3rd edition 107 figures, 21 plates 1082pp 5% x 8 S186 Clothbound $4 95 


CHEMISTRY AND PHYSICAL CHEMISTRY 


THE PHASE RULE AND ITS APPLICATIONS, Alexander Findlay Covers chemical phenomena of 
1 to 4 multiple component systems, the "standard work on the subject" (Nature) Completely 
revised, brought up to date by A N Campbell, N 0 Smith New material on binary, tertiary 
liquid equilibria, solid solutions in ternary systems, quinary systems of salts, water, etc 
Completely revised to triangular coordinates m ternary systems, clarified graphic i represents 
tion, solid models, etc 9th revised edition 236 figures 505 footnotes, mostly bibliographic 
XII + 449pp 5% X 8 S92 Paperbound $2 45 

DYNAMICAL THEORY OF GASES, James Jeans Divided into mathematical, physical chapters for 
convenience of those not expert in mathematics Discusses mathematical theory of gas 
in steady state, thermodynamics, Boizmann, Maxwell, kinetic theory, quantum theory, expo 
nentials, etc ‘ One of the classics of scientific writing as lucid and comprehensive 
an exposition of the kinetic theory as has ever been written," J of Institute of Engineers 
4th enlarged edition, with new material on quantum theory, quantum dynamics, etc 28 figures 
444pp eVe X SVa S136 Paperbound $2 45 

POLAR MOLECULES, Pieter Debye Nobel laureate offers complete guide to fundamental 
electrostatic field relations, polarizability, molecular structure Partial contents electric 
intensity, displacement, force, polarization by orientation, molar polarization, molar refrac 
tion, halogen hydrides, polar liquids, ionic saturation, dielectric constant, etc Special 
chapter considers quantum theory "Clear and concise coordination of experimental 

results with theory will be readily appreciated," Electronics Industries 172pp 5% x 8 

563 Clothbound $3 50 

564 Paperbound $1 50 

ATOMIC SPECTRA AND ATOMIC STRUCTURE, G Herzberg Excellent general survey for chem 
Ists, physicists specializing in other fields Partial contents simplest line spectra, elements 
of atomic theory, multiple structure of line spectra, electron spin, building up principle, 
periodic system of elements, finer details of atomic spectra, hyperfine structure of spectral 
lines, some experimental results and applications 80 figures 20 tables xill + 257pp 
5% x 8 S115 Paperbound $1 95 

TREATISE ON THERMODYNAMICS, Max Planck Classic based on his original papers Brilliant 
concepts of Nobel laureate make no assumptions regarding nature of heat, rejects earlier 
approaches of Helmholtz, Maxwell, to offer uniform point of view for entire field Semina! 
work by founder of quantum theory, deducing new physical, chemical laws A standard 
text, an excellent introduction to field for students with knowledge of elementary chemistry, 
physics, calculus 3rd English edition xvi + 297pp 5% x 8 S219 Paperbound 75 
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KINETIC theory OF LIQUIDS, J FrenKel Regards kinetic theory of liquids as generalization, 
extension of theory of solid bodies, covers all types of arrangements of solids, thermal 
displacements of atoms, interstitial atoms. Ions, orientational, rotational motion of mole 
cules, transition between states of matter Mathematical theory developed close to physical 
subject matter “Discussed in a simple yet deeply penetrating fashion will serve as 
seeds for a great many basic and applied developments In chemistry,” J of the Amer 
Chemical Soc 216 bibliographical footnotes 55 figures xi + 485pp 5% x 8 

$94 Clothbound $3 95 
S95 Paperbound $2 45 


ASTRONOMY 


OUT OF THE SKY, H H Nininger Non technical, comprehensive introduction to “meteoritics” 
—science concerned with arrival of matter from outer space By one of world’s experts 
on meteorites, this book defines meteors and meteorites, studies fireball clusters and 
processions, meteorite composition, size, distribution, showers, explosions, origins, much 
more viii + 336pp 5% x 8 T519 Paperbound $1 85 


AN INTRODUCTION TO THE STUDY OF STELLAR STRUCTURE, S Chandrasekhar Outstanding 
treatise on stellar dynamics by one of greatest astro physicists Examines relationship be 
tween loss of energy, mass, and radius of stars In steady state Discusses thermodynamic 
laws from Caratheodory’s axiomatic standpoint, adiabatic, polytropic laws, work of Ritter 
Emden, Kelvin, etc , Stroemgren envelopes as starter for theory of gaseous stars, Gibbs 
statistical mechanics (quantum), degenerate stellar configuration, theory of white dwarfs 
etc “Highest level of scientific merit,” Bulletin Amer Math Soc 33 figures 509pp' 
5% X 8 S413 Paperbound $2 75 


LES METHODES NOVELLES DE U MiCANtaUE cIlESTE, H PoincarE Complete French text 
of one of Poincare’s most Important works Revolutionized celestial mechanics first use of 
Integral Invariants, first major application of linear differential equations, study of periodic 
orbits, lunar motion and Jupiter's satellites, three body problem, and many other Important 
topics “Started a new era so extremely modern that even today few have mastered 
his weapons,” E T Bell 3 volumes Total 1282pp BVa x 9V4 


Vol 1 S401 Paperbound $2 75 
Vol 2 S402 Paperbound $2 75 
Vol 3 S403 Paperbound $2 75 
The set $7 50 


THE REALM OF THE NEBULAE, E Hubble One of the great astronomers of our time presents 
his concept of “island universes,” and describes its effect on astronomy Coders velocity 
distance relation, classification, nature, distances, general field of nebulae, cosmological 
theories, nebulae In the neighborhood of the Milky way, etc 39 photos, Including velocity 
distance relations shown ^ spectrum comparison “One of the most progressive lines 
of astronomical research,” The Times, London New Introduction by A Sandage 55 fllustra 
tions xxlv + 201PP 5% x 8 $455 Paperbound $1 50 


HOW TO MAKE A TELESCOPE, Jean Texereau Design, build an f/6 or f/8 Newtonian type 
reflecting telescope, with altazimuth Couder mounting, suitable for planetary, lunar, and 
stellar observation Covers every operation step by step, every piece of equipment Dis 
cusses basic principles of geometric and physical optics (unnecessary to construction), 
comparative merits of reflectors, refractors A thorough discussion of eyepieces, finders, 
grinding, installation, testing, etc 241 figures, 38 photos, show almost every operation 
and tool Potential errors are anticipated Foreword by A Couder $ources of supply xlli 
+ 191pp 61/4 x 10 T464 Clothbound $3 50 


BIOLOGICAL SCIENCES 


THE BIOLOGY OF THE AMPHIBIA, G K Noble, Ute Curator of Herpetology at Am Mus of 

Nat Hist Probably most used text on amphibia, most comprehensive, clear, detailed 19 
chapters, 85 page supplement development, heredity, life history, speciatlon, adaptation, 
sex. Integument, respiratory, circulatory, digestive, muscular, nervous systems, Instinct, 
intelligence, habits, economic value classification, environment relationships, etc “Nothing 
comparable to It;' C H Pope, curator of Amphibia, Chicago Mus of Nat Hist 1047 Item 
bibliography 174 illustrations SOOpp 5% x 8 $206 Paperbound $2 9B 

THE ORIGIN OF LIFE, A I Oparin A classic of biology This is the first modern statement 
of theory of gradual evolution of life from nitrocarbon compounds A brand new evaluation 
of Oparin's theory In light of later research, by Dr S Margulis, University of Nebraska 
xxv + 270pp 5% X 8 $213 Paperbound $1 75 
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THE BIOLOGY OF THE LABORATORY MOUSE', edited by G 0 Snell Prepared in 1941 by staff 
of Roscoe B Jackson Memorial Laboratory, stili the standard treatise on the mouse, 
assembling enormous amount of materia! for which otherwise you spend hours of research 
Embryology, reproduction, histology, spontaneous neoplasms, gene and chromosomes muta- 
tions, genetics of spontaneous tumor formations, of tumor transplantation, endocrine secre- 
tion and tumor formation, milk influence and tumor formation, inbred, hybrid animals, 
parasites, infectious diseases, care and recording “A wealth of information of vital con 
cern recommended to all who could use a book on such a subject,” Nature Classified 

bibliography of 1122 items 172 figures, including 128 photos ix -f 497pp 6 V 8 x 9 V 4 

S248 Clothbound $6 00 

THE TRAVELS OF WILLIAM BARTRAM, edited by Mark Van Doran Famous source book of 
American anthropology, natural history, geography, is record kept by Bartram in 1770’s on 
travels through wilderness of Florida, Georgia, Carolines Containing accurate, beautiful 
descriptions of Indians, settlers, fauna, flora, it is one of finest pieces of Americana 
ever written 13 original illustrations 448pp 5^^ x 8 T13 Paperbound $2 00 

BEHAVIOUR AND SOCIAL LIFE OF THE HONEYBEE, Ronald Ribbands Outstanding scientific 
study, a compendium of practically everything known of social life of honeybee Stresses 
behaviour of individual bees in field, hive Extends von Frisch’s experiments on communi- 
cation among bees Covers perception of temperature, gravity, distance, vibration, sound 
production, glands structural differences, wax production, temperature regulation, recogni- 
tion, communication, drifting, mating behaviour, other highly interesting topics “This 
valuable work is sure of a cordial reception by laymen, beekeepers and scientists," Prof 
Karl von Frisch, Brit J of Animal Behaviour Bibliography of 690 references 127 diagrams, 
graphs, sections of bee anatomy, fine photographs 352pp S410 Clothbound $4 50 

ELEMENTS OF MATHEMATICAL BIOLOGY, A J Lotka Pioneer classic, 1st major attempt to 
apply modern mathematical techniques on large scale to phenomena of biology, biochem 
istry, psychology, ecology, similar life sciences Partial contents Statistical meaning of 
irreversibility Evolution as redistribution. Equations of kinetics of evolving systems, Chem 
ical, inter species equilibrium, parameters of state. Energy transformers of nature, etc 
Can be read with profit by even those having no advanced math, unsurpassed as study- 
reference Formerly titled "Elements of Physical Biology " 72 figures xxx -I- 460pp 5% x 8 

S346 Paperbound $2 45 

TREES OF THE EASTERN AND CENTRAL UNITED STATES AND CANADA, W M Harlow Serious 
middle level text covering more than 140 native trees, important escapes, with informa- 
tion on general appearance, growth habit, leaf forms, flowers, fruit, bark, commercial use, 
distribution, habitat, woodlore, etc Keys within text enable you to locate various species 
easily, to know which have edible fruit, much more useful, interesting information "Well 
illustrated to make identification very easy,’ Standard Cat for Public Libraries Over 600 
photographs, figures xiii + 288pp 55^ x 6 V 2 T395 Paperbound 35 

FRUIT KEY AND TWIG KEY TO TREES AND SHRUBS (Fruit key to Northeastern Trees, Twig key 
to Deciduous Woody Plants of Eastern North America), W M Harlow Only guides with photo 
graphs of every twig, fruit described Especially valuable to novice Fruit key (both deciduous 
trees evergreens) has introduction on seeding, organs invojved, types, habits Twig key 
introduction treats growth, morphology In keys proper, identification is almost automatic 
Exceptional work, widely used in university courses, especially useful for identification in 
winter, or from fruit or seed only Over 350 photos, up to 3 times natural size Index of 
common, scientific names, in each key xvii -F I25pp 5% x 8 % T511 Paperbound $1 25 


INSECT LIFE AND INSECT NATURAL HISTORY, S W Frost Unusual for emphasizing habits, social 
life, ecological relations of insects rather than more academic aspects of classification, 
morphology Prof Frost’s enthusiasm and knowledge are everywhere evident as he discusses 
insect associations, specialized habits like leaf rolling, leaf mining, case making, the gall 
insects, boring insects, etc Examines matters not usually covered in general works insects 
as human food, insect music, musicians, insect response to radio waves, use of insects in 
art literature Distinctly different, possesses an individuality all its own," journal of 
Forestry Over 700 illustrations Extensive bibliography x + 524pp 5% x 8 

T519 Paperbound $2 49 


A WAY OF LIFE, AND OTHER SELECTED WRITINGS, Sir William Osier Physician, humanist. 
Osier discusses brilliantly Thomas Browne, Gui Patin, Robert Burton, Michael Servetus, 
William Beaumont, Laennec Includes such favorite writing as title essay, "The Old Human 
ities and the New Science," "Books and Men," "The Student Life," 6 more of his best 
discussions of philosophy, literature, religion "The sweep of his mind and interests em 
braced every phase of human activity," G L Keynes 5 photographs Introduction by G L 
Keynes, MD.FRCS xx-h 278pp 5% x 8 T488 Paperbound 50 


THE GENETICAL THEORY OF NATURAL SELECTION, R A Fisher 2nd revised edition of vital 
reviewing of Darwin’s Selection Theory in terms of particulate inheritance, by one of 
greatest authorities on experimental, theoretical genetics Theory stated in mathematical 
form Special features of particulate inheritance are examined evolution of dominance, mam 
tenance of specific variability, mimicry, sexual selection, etc 5 chapters on man’s special 
circumstances as a social animal 16 photographs x + 310pp 5 % x 8 

S466 Paperbound 85 
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THE AUTOBIOGRAPHY OF CHARLES DARWIN, AND SELECTED LEHERS, edited by Francis 
Darwin Darwin’s own record of early life, historic voyage aboard "Beagle," furore surround- 
ing evolution, his replies, reminiscences of his son Letters to Henslow, Lyell, Hooker, 
Huxley, Wallace, Kingsley, etc , and thoughts on religion, vivisection We see how he revo- 
lutionized geology with concepts of ocean subsidence, how his great books on variation 
of plants and animals, primitive man, expression of emotion among primates, plant fertiliza- 
tion, carnivorous plants, protective coloration, etc , came into being 365pp 5% x 8 

T479 Paperbound $1 65 

ANIMALS IN MOTION, Eadweard Muybridge Largest, most comprehensive selection of Muy- 
bridge’s famous action photos of animals, from his "Animal Locomotion ’’ 3919 high speed 
shots of 34 different animals, birds, in 123 types of action, horses, mules, oxen, pigs, 
goats, camels, elephants, dogs, cats guanacos, sloths, lions, tigers, jaguars, raccoons, 
baboons, deer, elk, gnus, kangaroos, many others, walking, running, flying, leaping Horse 
alone In over 40 ways Photos taken against ruled backgrounds, most actions taken from 
3 angles at once 90°, 60°, rear Most plates original size Of considerable interest to 
scientists as biology classic, records of actual facts of natural history, physiology "Really 
marvelous series of plates,’* Nature "Monumental work," Waldemar Kaempffert Edited by 
L S Brown, 74 page introduction on mechanics of motion 340pp of plates 3919 photo- 
graphs 416pp Deluxe binding, paper (Weight 4V^ lbs ) TVs x 10% 

T203 Clothbound $10 00 

THE HUMAN FIGURE IN MOTION, Eadweard Muybridge New edition of great classic in history 
of science and photography, largest selection ever made from original Muybridge photos of 
human action 4789 photographs, illustrating 163 types of motion walking, running, lifting, 
etc in time exposure sequence photos at speeds up to l/6000th of a second Men, women, 
children, mostly undraped, showing bone, muscle positions against ruled backgrounds, 

mostly taken at 3 angles at once Not only was this a great work of photography, acclaimed 
by contemporary critics as work of genius, but it was also a great 19th century landmark 
in biological research Historical Introduction by Prof Robert Taft, U of Kansas Plates 
original size, full of detail Over 500 action strips 407pp 7% x 10% Deluxe edition 

7204 Clothbound $10 00 

AN INTRODUCTION TO THE STUDY OF EXPERIMENTAL MEDICINE, Claude Bernard 90 year old 
classic of medical science, only major work of Bernard available in English, records his 
efforts to transform physiology Into exact science Principles of scientific research illus 

trated by specified case histories from his work, roles of chance, error, preliminary false 

conclusion, in leading eventually to scientific truth, use of hypothesis Much of modern 
application of mathematics to biology rests on foundation set down here "The presentation 
IS polished reading is easy," Revue des questions scientifiques New foreword by Prof 
I B Cohen, Harvard U xxv -I- 266pp 5% x 8 T400 Paperbound $1 50 

STUDIES ON THE STRUCTURE AND DEVELOPMENT OF VERTEBRATES, E S Goodrich Definitive 
study by greatest modern comparative anatomist Exhaustive morphological, phylogenetic 

expositions of skeleton, fins, limbs, skeletal visceral arches, labial cartilages, visceral 
clefts, gills, vascular, respiratory, excretory, periphal nervous systems, etc , from fish to 
higher mammals "For many a day this will certainly be the standard textbook on Vertebrate 
Morphology in the English language/’ Journal of Anatomy 754 illustrations 69 page bio 
graphical study by C C Hardy Bibliography of 1186 references Two volumes, total 906pp 
5% X 8 Two vol set S449, 450 Paperbound $5 00 


EARTH SCIENCES 


THE EVOLUTION OF IGNEOUS BOOKS, N L Bowen Invaluable serious introduction applies 
techniques of physics, chemistry to explain Igneous rock diversity in terms of chemical 
composition, fractional crystallization Discusses liquid immiscibility in silicate magmas, 
crystal sorting, liquid lines of descent, fractional resorption of complex minerals, petrogen, 
etc Of prime importance to geologists, mining engineers, physicists, chemists working with 
high temperature, pressures "Most important," Times, London 263 bibliographic notes 
82 figures xvlii -f- 334pp 5% X 8 S311 Paperbound $1 85 

GEOGRAPHICAL ESSAYS, M Davis Modern geography, geomorphology rest on fundamental 
work of this scientist 26 famous essays present most important theories, field researches 
Partial contents Geographical Cycle, Plains of Marine, Subaerial Denudation, The Peneplain, 
Rivers, Valleys of Pennsylvania, Outline of Cape Cod, Sculpture of Mountains by Glaciers, 
etc "Long the leader and guide," Economic Geography "Part of the very texture of geog 
raphy models of clear thought," Geographic Review 130 figures vl -I- 777pp 5% x 8 

S383 Paperbound $2 95 

URANIUM PROSPECTING, H L Barnes For immediate practical use, professional geologist 
considers uranium ores, geological occurrences, field conditions, all aspects of highly 
profitable occupation "Helpful information easy to use, easy to find style," Geotimes 

X + 117PP 5% X 8 T309 Paperbound $1,00 
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DE RE METALLICA, Georgius Agricola 400 year old classic translated, annotated by former 
President Herbert Hoover 1st scientific study of mineralogy, mining, for over 200 years 
after its appearance in 1556 the standard treatise 12 books, exhaustively annotated, discuss 
history of mining, selection of sites, types of deposits, making pits, shafts, ventilating, 
pumps, crushing machinery, assaying, smelting, refining metals, also salt alum, nitre, glass 
making Definitive edition, with all 289 16th century woodcuts of original Biographical, 
historical introductions Bibliography, survey of ancient authors Indexes A fascinating book 
for anyone interested in art, history of science, geology, etc Deluxe Edition 289 illustra 
tions 672pp 6% x 10 Library cloth S6 Clothbound |10 00 

INTERNAL CONSTITUTION OF THE EARTH, edited by Beno Gutenberg Prepared for National 
Research Council, this is a complete, thorough coverage of earth origins, continent forma 
tion, nature and behaviour of earth’s core, petrology of crust, cooling forces in core, 
seismic and earthquake material gravity, elastic constants, strain characteristics, similar 
topics "One is filled with admiration a high standard there is no reader who 
will not learn something from this book," London, Edinburgh, Dublin, Philosophic Magazine 
Largest Bibliography in print 1127 classified items Table of constants 43 diagrams 
439pp 6V8 X 9V4 S414 Paperbouncf $2 45 

THE BIRTH AND DEVELOPMENT OF THE GEOLOGICAL SCIENCES, F D Adams Most thorough 
history of earth sciences ever written Geological thought from earliest times to end of 
19th century, covering over 300 early thinkers and systems, fossils and their explanation 
vulcanists vs neptunists, figured stones and paleontology, generation of stones, dozens of 
similar topics 91 illustrations, including Medieval, Renaissance woodcuts, etc 632 footnotes, 
mostly bibliographical 511pp 5% x 8 T5 Paperbound $2 00 

HYDROLOGY, edited by 0 E Memzer, prepared for the National Research Council Detailed, 
complete reference library on precipitation, evaporation, snow, snow surveying, glaciers, 
lakes, infiltration, soil moisture, ground water, runoff, drought, physical changes produced 
by water hydrology of limestone terranes, etc Practical in application, especially valuable 
for engineere 24 experts have created "the most up to date, most complete treatment of 
the subject,” Am Assoc of Petroleum Geologists 165 illustrations xi + 712pp 6V8 x 9V4 

S191 Paperbound $2 95 


LANGUAGE AND TRAVEL AIDS FOR SCIENTISTS 
SAY IT language phrase books 


"SAY IT" in the foreign language of your choice' We have sold over Vz million copies of 
useful language books They will not make you an expert linguist overnight, 
but they do cover most practical matters of everyday life abroad * 


Over 1000 useful phrases, expressions, additional variants, substitutions 

tfoned"” etc^“'' phrases not available in other texts "Nylon," "aircondl 


of VuJ^'LglrT'rrady Everything is available at a flip 


Prepared by native linguists, travel experts 
Based on years of travel experience abroad 



Available, 1 book per language 
Danish (T818) 756 
Dutch (T817) 75i^ 

English (for German speaking people) (T801) 606 
English (for Italian speaking people) (T816) 606 
English (for Spanish speaking people) (T802) 606 
Esperanto (T820) 756 t 

French (T803) 606 
German (T804) 606 
Modem Greek (T813) 756 
Hebrew (T805) 606 


Italian (T806) 606 
Japanese (7807) 756 
Norwegian (T814) 756 
Russian (T810) 756 
Spanish (T811) 606 
Turkish (T821) 756 
Yiddish (T815) 756 
Swedish (T812) 756 
Polish (T808) 756 
Portuguese (T809) 756 


12 



DOVER SCIENCE BOOKS 

MONEY CONVERTER AND TIPPING GUIDE FOR EUROPEAN TRAVEL, C VomacKa Purse size hand 
book crammed with information on currency regulations, tipping for every European country, 
Including Israel, Turkey, Czechoslovakia, Rumania, Egypt, Russia, Poland Telephone, postal 
rates, dutyfree imports, passports, visas, health certificates, foreign clothing sizes, weather 
tables What, when to tip 5th year of publication 128pp 3 V 2 x SVa T260 Paperbound 60^ 

NEW RUSSIAN ENGLISH AND ENGLISH-RUSSIAN DICTIONARY, M A 0*Brlen Unusually com 
prehensive guide to reading, speaking, writing Russian, for both advanced, beginning stu 
dents Over 70,000 entries m new orthography, full Information on accentuation, grammatical 
classifications Shades of meaning, idiomatic uses, colloquialisms, tables of irregular verbs 
for both languages Individual entries Indicate stems, transitiveness, perfective, Imper- 
fective aspects, conjugation, sound changes, accent, etc Includes pronunciation instruction 
Used at Harvard, Yale, Cornell, etc 738pp 5% x 8 T208 Paperbound $2 00 

PHRASE AND SENTENCE DICTIONARY OF SPOKEN RUSSIAN, English Russian, Russian-English 
Based on phrases, complete sentences, not isolated words— recognized as one of best 
methods of learning idiomatic speech Over 11,500 entries. Indexed by single words, over 
32,000 English, Russian sentences, phrases, in immediately useable form Shows accent 
changes in conjugation, declension, irregular forms listed both alphabetically, under main 
form of word 15,000 word introduction covers Russian sounds, writing, grammar, syntax 
15 page appendix of geographical names, money, Important signs, given names, foods, 
special Soviet terms, etc Originally published as U S Gov't Manual TM 30 944 iv -|- 573pp 
5% X 8 T496 Paperbound $2 75 

PHRASE AND SENTENCE DICTIONARY OF SPOKEN SPANISH, Spanish English, English Spanish 
Compiled from spoken Spanish, based on phrases, complete sentences rather than isolated 
words— not an ordinary dictionary Over 16,000 entries indexed under single words, both 
Castilian, Latin American Language in immediately useable form 25 page introduction 
provides rapid survey of sounds, grammar, syntax, full consideration of irregular verbs 
Especially apt in modern treatment of phrases, structure 17 page glossary gives translations 
of geographical names, money values, numbers, national holidays, important street signs, 
useful expressions of high frequency, plus unique 7 page glossary of Spanish, Spanish 
American foods Originally published as U S Gov't Manual TM 30 900 iv + 513pp 54^ x 8% 

T495 Paperbound $1 75 


SAY IT CORRECTLY language record sets 


The best inexpensive pronunciation aids on the market Spoken by native linguists asso 
ciated with major American universities, each record contains 

14 minutes of speech— 12 minutes of normal, relatively slow speech, 2 minutes of 
normal conversational speed 

120 basic phrases, sentences, covering nearly every aspect bf everyday life, travel- 
introducing yourself, travel in autos, buses, taxis, etc , walking, sightseeing, hotels, 
restaurants, money, shopping, etc 

32 page booklet containing everything on record plus English translations easy to follow 
phonetic guide 

Clear, high fidelity recordings 

Unique bracketing systems, selection of basic sentences enabling you to expand use of 
SAY IT CORRECTLY records with a dictionary, to fit thousands of additional situations 


Use this record to supplement any course or text All sounds in each language illustrated 
perfectly — Imitate speaker in pause which follows each foreign phrase In slow section, 
and be amazed at increased ease, accuracy of pronounciation Available, one language per 
record for 


French Spanish 

Italian Dutch 

Japanese Russian 

Polish Swedish 

English (for German speaking people) 


German 

Modem Greek 

Portuguese 

Hebrew 

English (for Spanish speaking people) 


7'' (33 1/3 rpm) record, album, booklet $1 DO each 


SPEAK MY LANGUAGE SPANISH FOR YOUNG BEGINNERS, M. Ahlman, Z Gilbert Records pro 
vide one of the best, most entertaining methods of Introducing a foreign language to 
children Within framework of train trip from Portugal to Spam, an English speaking child 
is introduced to Spanish by native companion (Adapted from successful radio program of 
NY State Educational Department) A dozen different categories of expressions, including 
greeting, numbers, time, weather, food, clothes, family members, etc Drill is combined 
with poetry and contextual use Authentic background music Accompanying book enables 
a reader to follow records, includes vocabulary of over 350 recorded expressions Two 
10 '/ 33 1/3 records, total of 40 minutes Book 40 illustrations 69pp 5Va x lOV^ 

T890 The set $4 95 
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LISTEN & LEARN language record sets 


LISTEN & LEARN IS the only extensive language record course designed 
your travel and everyday needs Separate sets for each language, ej'^hconteining three 33 1/3 
rpm long-playing records — 1 1/2 hours of recorded speech by eminent native speaKers 
who are professors at Columbia, New York U , Ctueens College 

Check the following features found only in LISTEN & LEARN 

Dual language recording 812 selected phrases, sentences, over 3200 

in English, then foreign equivalent Pause after each foreign phrase allows time to 

repeat expression 

128 page manual (196 page for Russian)— everything on records, plus simple transcrip 
tion Indexed for convenience Only set on the market completely indexed 

Practical No time wasted on material you can find in any grammar No wy^ds 

Covers central core material with phrase approach Ideal for person with limited time 
Living, modern expressions, not found in other courses Hygienic products, modern 
equipment, shopping, “air conditioned,*' etc Everything is immediately useable 

High-fidelity recording, equal in clarity to any costing up to $6 per record 

“Excellent impress me as being among the very best on the market," Prof Mario 

Pei, Dept of Romance Languages, Columbia U “Inexpensive and well done ideal 

present," Chicago Sunday Tribune “More genuinely helpful than anything of its kind, 
Sidney Clark, well known author of “All the Best" travel books 

UNCONDITIONAL GUARANTEE Try LISTEN & LEARN, then return it within 10 days for full 
refund, if you are not satisfied It is guaranteed after you actually use it 

6 modern languages— FRENCH, SPANISH, GERMAN. ITALIAN, RUSSIAN, or JAPANESE *— one 
language to each set of 3 records (33 1/3 rpm) 128 page manual Album 


the set $4 95 
the set $4 95 
Available Oct 1959 


Spanish 

French 


German 

Italian 


the set $4 95 
the set $4 95 


Japanese* 

Russian 


the set $5 95 
the set $5 95 


TRUBNER COLLOQUIAL SERIES 


These unusual books are members of the famous Trubner series of colloquial manuals They 
have been written to provide adults with a sound colloquial knowledge of a foreign Ian 
guage, and are suited for either class use or self study Each book is a complete course In 
itself, with progressive, easy to follow lessons Phonetics, grammar, and syntax are covered, 
while hundreds of phrases and idioms, reading texts, exercises, and vocabulary are included 
These books are unusual in being neither skimpy nor overdetailed in grammatical matters, 
and m presenting up to date, colloquial, and practical phrase material Bilingual presentation 
IS stressed, to make thorough self study easier for the reader 

COLLOGUIAL HINDUSTANI, A H Harley, formerly Nizam s Reader in Urdu, U of London 30 
pages on phonetics and scripts (devanagari & Arabic Persian) are followed by 29 lessons, 
including material on English and Arabic Persian influences Key to all exercises Vocabufanr 
5 X 7Vi 147pp Clothbound $1 75 

COLLOaUIAL ARABIC, DeLacy O'Leary Foremost Islamic scholar covers language of Egypt, 
Syria, Palestine, & Northern Arabia Extremely clear coverage of complex Arabic verbs & noun 
plurals, also cultural aspects of language Vocabulary xviii -F 192pp 5x7% 

Clothbound $1 75 

COLLOQUIAL GERMAN, P F Doring Intensive thorough coverage of grammar in easily followed 
form Excellent for brush-up, with hundreds of colloquial phrases 34 pages of bilingual 
texts 224pp 5x7% Clothbound $1 75 

COLLOQUIAL SPANISH, W R Patterson Castilian grammar and colloquial language, loaded 
with bilingual phrases and colloquialisms Excellent for review or self study 164pp 5 x 7% 

Clothbound $1 75 

COLLOQUIAL FRENCH, W R Patterson 16th revised edition of this extremely popular manual 
Grammar explained with model clarity, and hundreds of useful expressions and phrases, 
exercises, reading texts, etc Appendixes of new and useful words and phrases 223pp 
5x7% Clothbound $1 75 
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COLLOaUIAL PERSIAN^ 

grammatical section followed by conversations, 35 page vocabulary 139pp 


L P Elwell»Sutton Best introduction to modern Persian, with 9a page 
.. X.* ^ Clothbound $1 75 


COLLOQUIAL CZECH, J Schwarz, former headmaster of Lingua Institute, Prague Full easily 
piiowed coverage of grammar, hundreds of immediately useable phrases, texts Perhaps the 

absolutely successful textbook,” JOURNAL OF CZECHO 
SLOVAK FORCES IN GREAT BRITAIN 252pp 5 x 7V2 Clothbound $2 50 


COLLOQUIAL RUMANIAN, G Nandris, Professor of University of London Extremely thorough 
coverage of phonetics, grammar, syntax, also included 70 page reader, and 70 page vocabulary 
Probably the best grammar for this increasingly important language 340pp 5 x 7Vi 

Clothbound $2 50 


COLLOQUIAL ITALIAN, A L Hayward Excellent self study course in grammar, vocabulary, 
!« ''®J^‘ng Easy progressive lessons will give a good working knowledge of Italian 

In the shortest possible time 5 x 7V2 Clothbound $1 75 


MISCELLANEOUS 


TREASURY OF THE WORLD S COINS, Fred Reinfeld Finest general introduction to numis 
matics, non technical, thorough, always fascinating Coins of Greece, Rome, modern coun 
tries of every continent, primitive societies, such oddities as 200-lb stone money of Yap, 
nail coinage of New England, all mirror man's economy, customs, religion, politics, phllos 
ophy, art Entertaining, absorbing study, novel view of history Over 750 illustrations 
Table of value of coins Illustrated List of U S com clubs 224pp x 9Va 

T433 Paperbound $1 75 

ILLUSIONS AND DELUSIONS OF THE SUPERNATURAL AND THE OCCULT, D H Rawcliffe Ra 
tionally examines hundreds of persistent delusions including witchcraft, trances, mental 
healing, peyotl, poltergeists, stigmata, lycanthropy, live burial, auras, Indian rope trick, 
spiritualism, dowsing, telepathy, ghosts, ESP, etc Explains, exposes mental, physical de 
captions involved, making this not only an expose of supernatural phenomena, but a valuable 
exposition of characteristic types of abnormal psychology Originally "The Psychology of 
the Occult” Introduction by Julian Huxley 14 illustrations 551pp 5% x 8 

T503 Paperbound $2 00 

HOAXES, C D MacDougall Shows how art, science, history, journalism can be perverted 
for private purposes Hours of delightful entertainment, a work of scholarly value, often 
shocking Examines nonsense news, Cardiff giant, Shakespeare forgeries, Loch Ness monster, 
biblical frauds, political schemes, literary hoaxers like Chatterton, Ossian, disumbrationist 
school of painting, lady In black at Valentino's tomb, over 250 others Will probably reveal 
truth about few things you’ve believed, will help you spot more easily the editorial 
“gander” or planted publicity release “A stupendous collection and shrewd analysis,” 

New Yorker New revised edition 54 photographs 320pp 5% x 8 T465 Paperbound $1 75 

YOGA A SCIENTIFIC EVALUATION. Kovoor T Behanan Book that for first time gave Western 
readers a sane, scientific explanation, analysis of yoga Author draws on laboratory 
experiments, personal records of year as disciple of yoga, to investigate yoga psychology, 
physiology, “supernatural” phenomena, ability to plumb deepest human powers In this 
study under auspices of Yale University Institute of Human Relations, strictest principles 
of physiological, psychological inquiry are followed Foreword by W A Miles, Yale IJniversity 
17 photographs xx + 270pp 5% x 8 T505 Paperbound $1 $5 
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